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120Muonic x-ray tran s ition  energies have been determined in Sn,
138Ba, ^40Ce, 142Ce and 208Pb using a high effic iency Ge(Li) detector.
Precise energy measurements, re la tiv e  in tensity  measurements, and a 
comparison of energy s p littin g s  have made i t  possible to id en tify  
transitions to and from the 2s state in each of these targets.
There is good agreement between theoretical and experimental re la tiv e
one
in ten s ities  fo r these tran s itio n s , except fo r Pb, where the 
experimental values are much smaller than expected, and the 3p l/2 -2 s  
trans ition  coulxLnot be detected at a l l .  These transition  energies, 
together with those from the 2 p -ls , 3d-2p and 4d-2p transitions are 
used to deduce sets of nuclear parameters.
120I t  has been found that fo r each target except Sn, the best 
agreement between theory and experiment is obtained by applying the 
theoretical nuclear polarization corrections to a ll levels with 
n > l, and allowing the nuclear po larization induced by the Is muon to 
vary. The nuclear polarization values determined were 4 .5 -3 .0  keV 
fo r 120Sn, 6 .3 -1 .3  keV fo r 138Ba, 5 .8 -1 .2  keV fo r 140Ce, 6 .3 -1 .4  keV 
fo r ^42Ce and 5 .8 -2 .0  keV fo r 206Pb. These results are in good 
agreement with the most recent theoretical predictions. I t  is 
concluded that nuclear polarization is an important e ffec t and should 
be taken into account in muonic atoms.
In addition , f i r s t  forbidden e le c tr ic  quadrupole transitions
120have been detected in a ll targets except Sn, and i t  is shown that 
these should be included in the muonic cascade to account fo r the 
measured re la tiv e  in te n s itie s .
PETER MARTIN 
DEPARTMENT OF PHYSICS 
THE COLLEGE OF WILLIAM AND MARY IN VIRGINIA
" ............... We do not know how big this po larization e ffe c t is .
I t  has been lumped in to  the parameterization o f the charge d is t r i ­
bution. I t  is obviously very d i f f ic u lt  to determine i t  and to know 
you have determined i t . "
D. H. Wilkinson.
(Summary to Williamsburg Conference on 
Intermediate Energy Physics, 1966.)
When a muon is used as a nuclear probe i t  must in terac t with 
the nucleus in order fo r  one to derive any information about the 
nucleus. One of the results of th is  e le c tro s ta tic  in teraction is 
called the nuclear po larization . This experiment was designed to 
measure nuclear charge parameters and the nuclear po larization by 
detecting and measuring muonic x-ray transitions involving the 2s 
s ta te , second only to the Is state in s e n s itiv ity  to nuclear charge 
parameters. This goal has been achieved and the results have been 
analyzed to deduce the nuclear po larization produced by the muon in 
the Is s tate . The results are not e n tire ly  unambiguous, but when 
analyzed in terms o f'th e  framework set fo rth , suggest that there is  
a good agreement with theoretical predictions.
2
I .  INTRODUCTION
Muonic x-rays were f i r s t  postulated to ex is t in the la te  1940s
1 ? and the early  1950s, and then experimentally confirmed in 1953.
These studies enjoyed a period of steady development and investigation
u n til the advent of the so lid -s ta te  detector in 1964. The superior
resolution of the so lid -s tate  Ge(Li) detector over the previously
used N al(T l) crystal stimulated experimental work which was able to
probe both the s ta tic  and dynamic properties of the muonic atom.
Excellent reviews of the early developments are given by
Burbridge and de Borde, 1953,3 Rainwater, 1957,^ and West, 1958.3
More recent reviews which include results using Ge(Li) detectors
fi 7are by Devons and Duerdoth, 1969, Wu and W ile ts , 1969, and Scheck
and HUfner, 1971.3
Summaries of experimental results can be found in the la te r
g
reviews or in the reports of the conferences at Williamsburg, 1966, 
Ottawa, 1967,^° and Columbia, 1970.^ A fter a b r ie f  h istory is given, 
the value o f the muon as a nuclear probe w ill  be demonstrated, together 
with the reasons fo r measuring nuclear po larization and the techniques 
adopted. Succeeding chapters w ill then cover the theory underlying 
muonic atoms and nuclear polarization (Chapter I I I ) ;  the experimental 
methods and data analysis (Chapter I I ) ;  the results obtained (Chapter 
IV ) ,  and the conclusions and indications of fu rther work suggested 
by these results (Chapter V).
3
A. H istorical Development
The theoretical basis of muonic atoms was established by Wheeler in
1949^ when he presented techniques fo r evaluating transition  energies
and transition  rates in muonic atoms. This was done in part to explain
12the experimental evidence of Chang* who had observed y rays following
cosmic rays stopping in metal fo i ls .  Wheeler had previously w ritten on
13the anomalous absorption rates o f negative cosmic muons, which were
observed by Conversi e t al_. in 1 9 4 7 .^  The idea o f muonic atoms had
15been in i t ia l ly  discussed in 1947 by Fermi and T e lle r , who showed that
the stopping and cascade times fo r a negative muon were fa r  shorter than
its  mean l i f e .  This indicated that muonic atoms should live  long enough
to be experimentally observed. These theoretical predictions received
2
experimental confirmation in 1953, when Fitch and Rainwater, were able
208to measure muonic transition  energies in Pb to 1% precision using a
Na I c rys ta l. This enabled them to detect the fine-structure  s p litt in g
predicted by Wheeler and to sensibly apply the corrections that Cooper
1 6and Henley had evaluated fo r vacuum and nuclear po lariza tion . As a 
consequence of th is work the radius o f the uniform spherical charge 
distrib u tio n  used to represent the nucleus was substantia lly  reduced.
The usual representation fo r the uniform radius in fermis is
* n  -  ^ 1/3  0 0
where A is the nuclear mass number. P rio r to the work of Fitch and
Rainwater the accepted value was rQ = 1.5 F and was obtained from
17electron ic  x-ray data by Schawlow and Townes. The muonic x-ray
results predicted rQ = 1.2 F and corroborated the results of B itte r  
18and Feshbach, who had re-evaluated isotope sh ifts  and electron  
scattering data.
The idea that muonic x-rays would be a useful tool fo r measuring
1 19nuclear charge parameters was o rig in a lly  suggested by Wheeler, *
20and was extended by H ill and Ford. H il l  and Ford also attempted 
to f i t  the experimental data to both uniform and non-uniform charge 
d istributions . They pointed out th a t the 3d-2p and 2s-2p transitions  
were highly sensitive to the shape of the nuclear charge d istribution  
and should be used, together with the 2p-ls tran s itio n s , to determine 
nuclear charge parameters. Although they showed that the 2s-2p
transitions were fa r  more sensitive than the 3d-2p, i t  has taken 15
21 22 23years before the present work, * and the work of Anderson e t aU
have attempted to u t i l iz e  these charge-sensitive transitions. The
main reason fo r th is was the re la tiv e ly  poor energy resolution of
the Na I crysta ls , a b a rrie r which was removed with the development
24of the solid  state Ge(Li) detector.
The period since then has seen the development of high e ffic iency  
Ge(Li) detectors, which allow the detection of these very weak 
transitions in a reasonable time.
B. The Muon as a Nuclear Probe 
The muon is a spin 1/2 p a rtic le  of intermediate mass 207 
electron masses) which can possess a charge o f e ith er sign and which 
can in terac t with other partic les  only through electromagnetic, weak 
and gravita tional forces. The la t te r  two can be neglected because of 
th e ir  magnitude, and«the negatively charged muon interacts e lec tro ­
s ta tic a lly  with a charged nucleus and can populate Bohr orbits around 
the nucleus. In the n le v e l, or Bohr o rb it , the energy En and the 
radius rn are given approximately by
where e is the electron charge, Ze is the nuclear charge and m is the 
reduced mass of the muon-nucleus system. I f  m^  and m^  are the masses 
of the muon and the nucleus respectively then
Equation I may be used to compare the Bohr radii and energy levels  
of the muon and the electron. For the same principal quantum number, 
the muonic energy levels are much greater, whereas muonic rad ii are 
much smaller. This leads to a substantial overlap between the muonic 
and nuclear wave functions. For Z = 80 the Is muonic Bohr radius is 
^3 F as compared to the experimental nuclear radius of 7 F. The 
electronic Is Bohr radius ^600 F so that a ll muonic orbits with n 
<^ 14 w ill  e ffe c tiv e ly  l ie  within the electron cloud, and the muon w ill 
see the bare nuclear charge Ze. Furthermore, because the muon in its  
lower energy levels spends a considerable fraction of its  time within  
the nucleus, the lower muonic energy levels w ill be sensitive to the 
form of the nuclear charge d is trib u tio n .
-6The life tim e  of a bound negative muon ranges from 2x10" sec to 
-7  2510 sec, and since the to ta l time span for atomic capturing o f a
muon with a momentum of several hundred MeV/c and the subsequent
-9 15cascade to its  ground s ta te , is about 3x10 sec, muonic atoms should
be read ily  formed. The muon is in i t ia l ly  captured into high o rb ita l
angular momentum states from which i t  cascades to the ground state
9 fem itting Auger electrons and electromagnetic rad iation . In the
higher angular momentum states at large n the dominant cascade process
is Auger emission, because of the proximity of the electron cloud.
From the lower orbits the dominant process is electromagnetic rad ia tion .
The re la tiv e  p ro b ab ilities  of dipole radiation and Auger emission
have been discussed by Burbridge and de Borde.
With the advent of high resolution detectors i t  has become
27necessary to account fo r e le c tr ic  quadrupole tran s itio n s , the dynamic
< 28 29effects  o f reasonances, * and prompt neutron emission induced during 
30the cascade. These e ffe c ts , with the exception of quadrupole 
tra n s itio n s , w il l  not be considered in d e ta il.
Once in the ground state the muon can e ith er decay by
p -> e + v + v
7/82\^  1or can be captured by the nucleus in approximately 4x10" p j ]  sec- 
This la s t mechanism can proceed through the following channels:
1. p“ + (Z,N) ■> (Z -1 ,N )* + v (Non-Radiative Capture)
2. p“ + (Z,N) - *■ (Z -1 ,N )* + v + y (Radiative Capture)
3. p" + (Z,N) -*■ (Z - l-e ,N -a )*  + an + 3p + v (Nucleon emission)
The observations of transitions in the daughter nucleus can provide
information on the re la tiv e  probab ilities  of the various processes.
Experimentally i t  is found that proton emission following p- capture
31 32is extremely rare in moderate to high Z nuclei. *
Muon wave functions sa tis fy  the Dirac equation:
-  2Hu = Eu = (c a • p + emc - e<|)(r))u 3
where a and 6 are Dirac matrices and <t>(r) is the potential experienced
33by the muon. This equation is solved numerically fo r a predetermined
34nuclear charge d istrib u tio n  function, using the method of McKee,
and y ie lds values fo r the wave functions u and the energy eigenvalues E.
8As a comparison, the energies are also calculated when <|>(r) is evaluated 
in the f ie ld  of a point nucleus. For a state with principal quantum 
number n, and angular momentum a
k = j  + 1/2
The difference between En  ^ and the numerical solution to equation 3 
can be considered a measure of the s e n s itiv ity  of each muonic level 
to the f in ite  size o f the nucleus. In Table 1 are lis te d  the muonic
the Is ,  2s, 3s, 2 p l/2 , 2p3/2, 3 p l/2 , and 3p3/2 leve ls . The other 
levels are experimentally indistinguishable from those fo r a point 
nuclear charge. This is demonstrated in Fig. 1 where wave function
function o f radial distance from the center of the nucleus. A 
typical charge d istrib utio n  has been superimposed to demonstrate the 
overlap o f nucleus and wave functions. In practice a wave function
of r ,  with a charge d istrib u tio n  again superimposed. This demonstrates 
the f in i te  size e ffe c t which is caused by the overlap of the lin e a r  
p rob ab ility  density and the charge d is trib u tio n .
Each level experiences a d iffe ren t theoretical dependence on the 




a  = fine structure constant = e /tic
2 138binding energies ( =mc - En£) of the lower levels fo r Ba and
one
Pb. The muonic levels exhib iting  strong f in ite  size effects  are
138prob ab ility  densities fo r various levels in Ba are plotted as a
2
value occupies a volume 4iTr dr, and Fig. 2 shows the lin e a r p robab ility
O
densities ( r  x wave functions' probability  density), as a function
parameters w ill be the number of d is tin c t levels that have been measured
experimentally. In this context the 2p levels and the 3p levels must
each be treated as a single dependence because of the s im ila r ity  of
th e ir  lin e a r probability  densities (F ig . 2 ) . Until recently the standard
method used to derive charge parameters from energy measurements involved
measuring the dominant tran s itio n s , the 2p-ls doublet and the 3d-2p 
35t r ip le t .  Theoretical predictions were obtained by solving the Dirac 
equation fo r a standard 2-parameter Fermi d istrib utio n
where pQ is a normalization constant end c , w and t  are variable para­
meters. To derive acceptable parameters plots of pairs o f parameters 
producing the experimental energy fo r each tran s ition  are made.
Because of the experimental error on the energies there is a band of 
acceptable energies fo r each tran s itio n , and from the intercepts of 
these bands values of the parameters with probable errors can be 
measured. These plots are called c - t  diagrams. This procedure 
corresponds to measuring dependence of the Is and 2p muonic states upon 
the nuclear charge d is trib u tio n . However, the f in ite  size e ffec t
decreases with decreasing A and Z, because of the diminution of the
1/3nuclear radius (<*A '  ) and the increase of the muon wave function radius 
(ocZ"1) ,  so that fo r lower Z often only a single parameter has been 
deduced. In order to ask meaningful questions about a th ird  parameter 
i t  is essential to have measurements on other tran s itio n s , where the 
experimental uncertainty is only a small percentage of the f in ite  
size e ffe c t. Because of th e ir  large f in ite  size e ffe c t the 2s and 3p 
are the preferred states.
All transitions affected by the f in ite  size o f the nucleus exh ib it 
strongest dependence on the parameter c of the charge d istribution  
(Tables I I  and I I I ) .  Scheck and Hiifner have determined the dependence
of the principal transitions on a nuclear parameter orthogonal to
2 8 2 <r >. They show <r > to be a function of c and t .  Excluding 2p-ls
transitions they find that the 2s-2p doublet and the 3p-2s doublet
are the most valuable transitions fo r determining parameters other 
2
than <r >.
The e ffe c t of the f in ite  size on the individual muonic transitions  
1*38 206in Ba and Pb is shown in Tables I I  and I I I  respectively. The 
f in ite  size nuclear tran s ition  energies are evaluated by solving the 
Dirac Equation numerically, using the Fermi charge d istribution  which 
gave optimum agreement between theoretical and experimental energy 
values. No corrections were applied to the energies in the tables. 
Successive columns then show the difference between these approaches, 
and the p artia l derivatives o f the energies with respect to the para­
meters used in the charge d is trib u tio n . From Table I I  i t  is apparent 
that the 3d-2p transitions and the 2p 3/2-2p 1/2 s p lit t in g  should be 
determined to a greater accuracy, i f  they are to be useful in deducing 
nuclear parameters. This can be demonstrated when the uncertainty 
in a charge parameter is expanded in terms of energy derivatives,
6c2 = energies (,sEi )2
E A^p 1 o
energies v i '  ( ac/aE .)
Thus transitions having smaller derivatives must have correspondingly 
smaller experimental errors i f  they are not to dominate the parameter 
uncertainty.
The 2s level has not been used in charge determinations un til 
37recently because of the d if f ic u lty  in detecting i t .  Using a cascade 
program described under "Relative In te n s itie s " , i t  is predicted that 
only '3.5% of a l l  captured muons w ill pass through the 3p s ta te , and
only 1.5% w ill pass through the 2s state . Because the selection rules
38fo r Auger transitions and e le c tr ic  dipole transitions favor A £  =  ±  1, 
the outer c irc u la r orbits (£=n -l) become p re fe re n tia lly  populated and 
the dominant transitions fo r n<6 are between successive c ircu la r o rb its . 
The most intense transitions are the 2p-ls doublet (87%), the 3d-2p 
t r ip le t  (80%) and the 4f-3d t r ip le t  (71%). Table IV shows the percentage 
of muons predicted to pass through each state with n<4 fo r  ^ 0Ce.
In order to detect the 3p-2s and 2s-2p trans ition  doublets i t  was 
necessary to have a large volume detector, with good resolution, as 
well as a re la tiv e ly  pure and intense muon beam. The choice o f targets 
was governed by the d e s ira b ility  of clean single peaks, with a minimum 
of isotopic contamination and no hyperfine structure. As a means of 
positive id e n tific a tio n  o f a tran s ition  the following conditions were 
required:
1. Good agreement between the experimentally measured energy and 
the theoretical value obtained by using the best available nuclear 
parameters. The v a lid ity  o f the parameters was checked by comparing 
the energies of the easily  id e n tif ie d  principal lines. This was a 
reasonable requirement since the theoretical predictions showed no 
other x-ray lines in the v ic in ity  o f the 2s-2p and 3p-2s energies fo r  
a ll targets except the 20^Pb.
2.~ The s p litt in g  o f fine  structure components of the two doublets 
should be in agreement with the fin e  structure s p lit t in g  measured
from other transitions. The 2s-2p s p lit t in g  was read ily  compared with 
the 2p-ls s p lit t in g . The 3p-2s s p lit t in g  was compared to the 3p-ls 
s p lit t in g  whenever possible, but was not as positive a tes t since the 
la t te r  transitions were contaminated by the 3d-ls e le c tr ic  quadrupole 
transitions and were often s ta t is t ic a l ly  lim ited .
3. Approximate agreement between the theoretical and experimental 
values of the re la tiv e  in ten s ities  of the fin e  structure components.
For most targets th is  could also be compared to adjacent intense x-ray 
peaks as an additional v e rific a tio n .
4. The absence of background from delayed y rays at the same 
energy. Since the collected data were divided into two sections, one 
prompt and one delayed with respect to a muon stop, a d irect comparison 
was easily  made. The principal x-ray lines could be used to determine 
what percentage of an x-ray peak should appear in the delayed spectrum. 
Each of the four transitions involving the muonic 2s state was unam­
biguously detected fo r ^ S n ,  ^®Ba, ^ °C e , and ^ 2Ce. For 20®Pb 
three of the transitions were detected but there was some ambiguity 
with one of them.
Fig. 3 shows typical prompt and delayed spectra obtained when 
muons are stopped in a target of high or medium Z. I t  shows the summed
1 Op
spectra fo r Ba and the most prominent features are marked on i t .
The principal muonic tran s itio n s , 2 p -ls , 3d-2p, 4 f-3d , 5g-4f are clearly  
v is ib le  with the former showing the three sets of peaks, photopeak (PP), 
single escape peak (SE) and double escape peak (DE), obtained when the 
energy o f an incident photon exceeds the pair-production threshold.
The term "photopeak" w ill be used fo r the highest energy lin e  as the 
contribution from pair-production is small. Other prominent lines are
13
the 511.006 keV positron annih ilation  y ray, various y rays which are
c learly  v is ib le  in the delayed spectrum (where th e ir  re la tiv e  amplitude
is considerably larger) and a pulser peak distinguishable by its  very
narrow width. This width is a measure o f the electronic broadening
only, since the pulser signal does not pass through the detector.
When a pulse originates in the detector its  fu ll width at h a lf
maximum amplitude above background (fwhm) varies approximately as 
39vTi, where E is the energy of the incident photon. From this i t  is
generally possible to deduce whether a peak in the spectrum is
abnormally broad. This can be in d ica tive  o f two or more unresolved
peaks, or of magnetic dipole hyperfine structure.^0 ’^  I f  such a peak
appears in the delayed spectrum i t  can also be caused by the presence
31 32 42of a nuclear state formed a fte r  muon capture. * ’ This energy
dependence of the width was useful fo r testing our id e n tifica tio n
206of Pb lines and Table V shows the fwhm as a function of energy fo r  
the various prompt peaks.
C. Charge D istribution  
Once the experimental energies have been determined they are 
compared to a set of theoretica l predictions. To obtain these predictions 
the Dirac equation is solved numerically using a predetermined function 
fo r the charge d is tr ib u tio n , and these values are then adjusted fo r  the 
effects of vacuum p o la riza tio n , Lamb s h if t ,  anomalous magnetic moment 
and nuclear po lariza tion .
From the beginning o f muonic x-ray work the question o f which 
functional form to use fo r  the charge d istribu tion  has been of consider­
able in te re s t. The e a r lie s t  calculations used a uniform spherical charge 
distribution  J  » ^ ,1 9  ^ ea usl-ng a s lig h tly  more physical model,
with no amplitude discontinu ity, was in i t ia l ly  investigated by H ill  and 
20Ford using a series of modified Gaussian and modified exponential 
functions. By adjusting a parameter to produce the experimental value 
fo r the 2p-ls tra n s itio n , they predicted values fo r the 3d-2p transition  
and compared these with the experimental results. They concluded that 
there was no unique d istribution  and that many forms could give accep­
table  resu lts . Ford and W ills  have since discussed extensively the
matching o f experimental results with various functional forms of the
43 44charge d is tr ib u tio n . *
They have recently shown that each transition  is sensitive to a
unique moment <r°> of the charge d is trib u tio n .^5 They find  the value of
a to be essen tia lly  model independent, and approximately a lin e a r function
of Z, with the zero intercept being an integer value. Their approach
did not show a unique moment <ra> fo r the 2s-2pl/2 tran s itio n s . Wu
and Wilets^ explain th is discrepancy by expanding the potential
generated by the muon, as a power series of distance from the muon
over the region of the nucleus, retaining only the most s ig n ific a n t
term. The behavior o f the 2s level suggests that th is  is not a good
approximation fo r the muonic potential over the nucleus. In an attempt
to elim inate the s lig h t functional dependence of the method of Ford and 
45 46W ills , B arre tt has used a more general form fo r the functional 
expansion than c + dr . This method can be adjusted to give consistent 
energies over a wider range of functions than is possible using the 
form of Ford and W ills .
A ll the functions so fa r  described have the common disadvantage 
of having no d irec t physical derivation. Their use is ju s t if ie d  by 
th e ir  convenience and by th e ir  giving satisfactory agreement with
experiment. I f  the shell structure of the nucleus is well known, in
addition to its  physical properties, i t  should be possible to synthesize
a charge distribution by summing the respective proton wave functions.
The f i r s t  attempts to derive a charge d istrib u tio n  by this method were
carried out by Perey and S c h if fe r ,^  and Elton and S w i f t . T h e y  used
s in g le -p artic le  wave functions evaluated from a spherical p o ten tia l, and
were able to deduce the saturation e ffec t of the nuclear radius as a
function of A ^ ,  ( re f .  49). E lton, Webb and B a rre tt^  have recalculated
the charge d istribution  using single p a rtic le  wave functions in an
energy-independent non-local p o ten tia l. This approach yields excellent
agreement with shell separation energies but produces a charge d is trib u - 
208tion fo r Pb which has a central hump, as opposed to the depression
51predicted by analysis of electron scattering experiments. A physical 
approach which may provide the most re a lis t ic  charge distributions is
C O
th a t due to Vantherin and Brink. They adopt a Hartree-Foch approach 
using an e ffec tive  nucleon-nucleon p o te n tia l, which includes short 
range two-body in teractions, and zero range three-body interactions.
By adjusting the variable parameters to f i t  some known nuclear properties, 
good values are obtained fo r the single p a rtic le  separation energies, 
and the charge d istribu tion  resembles that obtained experimentally.
For the future i t  may be possible to re la te  tran s ition  energies to 
intemucleon forces via the Vantherin-Brink theory, or a charge d is t r i ­
bution may be specified by a set of moments rather than by the fa m ilia r  
nuclear parameters. The present development o f the la t te r  seems in ­
appropriate fo r these data, since i t  appears unable to describe adequate­
ly  transitions involving the muonic 2s s ta te , which is the real strength 
of these experimental results.
Because of th is , the data were analyzed in terms of a generalized 
Fermi d is trib u tio n . This s im p lified  the comparisons that were made with 
electron scattering resu lts , since this is the distribution most commonly 
used in that form of analysis. A generalized Fermi d istribution has 
four variable parameters corresponding to a radius, a skin thickness, 
a f a l l - o f f  parameter and a central depression. I t  is expressed mathe­
m atically as:
2 2 1 + w r  /c  p(r,c,n,w ,m ) = pr t --------------
0 1 + exp [nm( ( f ) l" - l ) ]  
where pQ is a normalization constant and is evaluated numerically 
by requiring
4ir^p(r,c,n,w,ml r2dr = Ze 8
For a normal two-parameter Fermi d istrib u tio n  with w=0 and m=l, 
the parameter c represents the distance over which the density fa lls  
to h a lf of its  maximum value, and n is related to the distance over 
which the amplitude fa lls  from 90% of its  maximum value to 10% (the 
skin thickness t ) , by the re la tion
n = 4 £n 3 c / t  9
A non-zero value fo r  the parameter w produces a central hump or depression. 
The exponent m allows the f a l l - o f f  rate o f the " ta i l"  to be varied 
independently of the other parameters.
With the inclusion o f one nuclear po larization parameter (NP) 
this gives fiv e  independent variable parameters. This is more than 
can be reasonably f i t te d  simultaneously to the number of measured 
tran s ition s, and th e ir  lim ited  f in ite  size dependence. For each target 
the following f i t s  were made:
1. Nuclear polarization was assumed zero fo r a ll the states and 
the transitions were f it te d  to a normal 2-parameter Fermi d is trib u tio n : 
(c=variable, n=variable, w=0, m=l, NP=0).
2. The theoretical nuclear po larization correction was applied 
to each state and the transitions were f it te d  to a normal 2-parameter 
Fermi d is trib u tio n :
(c=variable, n=variable, w=0, m=l, NP=theoretical).
3. The transitions were f it te d  to a normal Fermi d is trib u tio n
with the Is nuclear polarization permitted to vary, other levels assuming 
the theoretical values:
(c=variable, n=variable, w=0, m=l, NP=variable).
4. When corresponding work had been done with electron scattering  
the experimental value of w was inserted and f i ts  2 and 3 repeated 
(c=variab le , n=variable, w=experimental, m=l, NP=variable or experimental). 
In addition f i t s  were attempted in which w, m and the 2s nuclear p o la ri­
zation were also allowed to vary. The results from these f i t s  were 
in s u ffic ie n tly  sensitive to ju s t ify  applying them to a ll  targets.
Also, a considerable number of d iffe re n t f i ts  had been tr ie d  with 
208Pb, and the resulting parameters were very s im ila r, especially as
fa r  as the nuclear po larization was concerned.
These data can be compared with electron scattering results to
determine whether introducing nuclear polarization seriously affects
the calculated nuclear parameters. For a s t r ic t  comparison of these
two methods the electron scattering data should be at an "equivelent
momentum transfer" q ( r e f .  53) where^equ
« V / ( 3/ 5 ) ; 7 7 m 7  10
u
and a is the Bohr radius fo r the muon. At this momentum transfer thev
e la s tic  electron scattering and the muonic spectrum have the same depen­
dence on second and fourth moments of the charge d is trib u tio n . A 
more convincing tes t is to attempt f i ts  using a d iffe re n t form fo r the 
charge d is trib u tio n , and then to compare the nuclear po larization  
values from both methods. A d istribution  used in this work was the
three parameter Family I I  d istribution  described by Ford and W ills .
1This d istribu tion  was applied solely to the Ba data. Its  mathematical 
form is
f p 0( l + w r2/c 2 ) [ l  - 1/2 exp n ( £ - l ) ]  r<.c 
p (r ,c ,n ,w l = j  11
^ p Q( l  + w) 1/2 exp n (1 -  £ ) r<.c
where the parameters have the same meaning as in the extended Fermi 
d is trib u tio n  (Equation 7).
D. Nuclear Polarization  
Having discussed f i t t in g  to one, or possibly two, nuclear p o la ri­
zation parameters, i t  is appropriate to explain the meaning of nuclear 
polarization and its  relevance to nuclear charge parameters. Nuclear 
polarization is produced by the muon-nucleus e le c tro s ta tic  in teraction . 
Because of the penetration of the nucleus by the muon, the eigenfunctions 
of the orig inal system are perturbed and there is an associated change 
in the energy eigenvalues. In mathematical terms th is appears through 
second order perturbation theory, and can be thought o f as the e lec tro ­
s ta tic  in teraction exciting the nucleus and the muon into v irtu a l 
intermediate states.
The e a r lie s t discussion of nuclear po larization was by B re it,
54Arfken and Clendenin in 1950. They calculated the electronic nuclear 
polarization fo r optical isotope s h ifts . With the advent of muonic 
atom studies this e ffe c t was expected to be much more important because
of the larger nuclear overlap by the muon, Cooper and Henley^6calculated
208the nuclear po larization fo r the Fitch and Rainwater results on Pb 
(Ref. 2) and deduced a value o f 60 keV fo r the Is s ta te . They quoted 
this as an energy upper l im i t ,  and evaluated i t  using closure over the 
muon and nuclear states , and an averaged excitation  energy. Since 
60 keV was the energy resolution o f the experiment there was no immediate
need to improve the calculations. Successive improved calculations by
55 56 57Lakin and Cohn, Nuding and Greiner reduced the value well below
the experimental energy resolution obtainable from a Na I crysta l.
58 59The work by Joachin and by Joachin and Demeur on lig h t nuclei,
where the nuclear wave function could be represented by an analytical
mathematical function, and by Scheck^ demonstrated that important
contributions came from intermediate states o f the muon and the nucleus
208in the continuum. The nuclear po larization  o f the Is level of Pb
was then estimated to be in the range 1-6 keV and to increase the
binding energy of the s tate . With the advent of the high resolution
Ge(Li) detector in 1964 th is effeci-became extremely important since i t
could substantia lly  a ffec t the values of the charge parameters deduced.
Calculations o f nuclear po larization  in deformed nuclei using various
81 82nuclear models have been performed by Pieper and Greiner, McKinley,
88and Chen. Nuclear po larization e ffects  in spherical nuclei have been 
calculated by Cole,6  ^ Chen6  ^ and Skardhamer.66
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Because of the s im ila r ity  o f th e ir  Feynman diagrams, Cole relates  
nuclear po larization to in e la s tic  electron scattering and is able to 
use the experimental scattering cross-section results to deduce nuclear 
polarization to w ithin a predicted uncertainty of a factor of two.
The most comprehensive work on nuclear polarization is by Chen who 
develops means of dealing with the complete set of intermediate muonic 
states. His methods w ill  be treated in more detail in the section 
on theory. A fu rth er publication which this work uses is by Skard- 
hamar, who does a calculation in the Pb region, using a hydrodynamic 
model to describe the nuclear exc ita tio n . His results are in excellent 
agreement with Chen and include the 3d and the 3p states. A ll the recent 
works have made calculations of the nuclear polarization produced when 
the muon is in a higher s ta te  (n > l) , and the results are comparable to , 
or larger than the experimental energy uncertainties, so that they 
should necessarily be included in the calculation. A recent calculation
c n
by Tanabe uses a d iffe re n t approach which is only applicable to higher 
states, n>3. His results are too small to be of importance fo r these 
experimental results and do not agree with those o f Skardhamar.
The parameter taken in this work to represent nuclear po larization
is that produced by the muon in its  Is state. The principal uncertainty
in this quantity is the contribution from monopole modes of excitation
fo r which no experimental measurements e x is t. The monopole mode also
has a considerable contribution to the polarization by the muon in the
one
2s sta te , and hence, fo r Pb, this was also allowed to vary.
At the Williamsburg conference in 1966 both Ravenhall and Wilkinson 
referred to nuclear po lariza tion  as one of the major remaining theoretical 
uncertainties in muonic x-rays. Since then Chen has shown that
21
corrections may be confidently applied in the evaluation of nuclear
CO
parameters. He demonstrated that the inclusion of nuclear po larization  
effects in deformed nuclei produced more re a lis t ic  and consistent nuclear 
charge parameters than when i t  was omitted. I t  also has a measurable 
e ffe c t on the parameters of spherical n u cle i, as w ill  be shown in  
the resu lts .
A comparison is usually made of the nuclear parameters obtained
from muonic atom analysis with those from electron scattering data,
but th is is not a d e fin itiv e  method of detecting nuclear po larization
in muonic atoms, since electron scattering can also induce v irtu a l
tran s itio n s , and th is  dispersion e ffec t has yet to be generally
applied. * Since the radiative corrections have been evaluated
by B a rre tt‘S  with uncertainties <1 keV, and the vacuum polarization  
71by Fricke, the dominant major remaining uncertainty has been that 
of nuclear po lariza tio n . A measurement of nuclear po larization fo r  
muonic atoms is therefore of theoretical in te re s t, since apart from 
the contribution due to the monopole exc ita tio n , i t  should be well 
understood.
I I .  EXPERIMENTAL DETAILS
A. Physical Details
The data o f this experiment were collected during 4 experimental 
periods at the NASA Space Radiation Effects Laboratory (SREL) in Newport 
News, V irg in ia . Our apparatus was placed at the end of the SREL Meson 
Channel through which a nominal 200 MeV/c pion beam is transported.
A low duty factor external beam was produced by employing a grid of 
thin carbon filam ent as the in ternal ta rg et. Events accumulated 
during the prompt beam spike were rejected by gating o f f  the logic  
units of the beam telescope with a gate derived from the synchro­
cyclotron R.F. signal.
The muon beam is produced by pions decaying in f l ig h t ,  and has two 
predominant muon momenta. These occur when the decay muon is emitted 
in e ith e r the backward or forward d irec tio n , with respect to the pion's 
momentum and are determined by the transport system. The prime 
experimental concern was the observation of transitions to and from the 
muonic 2s s tate . Since these were o f low in tensity  the best possible 
signal/noise ra tio  was sought commensurate with high in te n s ity , and this  
was obtained using the backward muon beam. An in i t ia l  measurement with 
the ^ C e  target indicated that although the ..forward beam had twice the 
in tensity  i t  also had greater contamination, and that ;by selecting the 
backward muon beam the signal/noise ra tio  improved from 2:1 to 3.5:1 
at 4.2 MeV ( ^ C e  K lines) and from 5:1 to B .5 :l at 1.3 MeV (^ °C e
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L lin e s ). From the fac t that the range curve (F ig . 4) f e l l  o f f  so 
rapidly and to such a low value the electron contamination was estimated 
at less than 5%.
A typical beam telescope was used as is shown in Fig. 5. The 
s c in tilla t io n  counters used were made from P ilo t B p las tic  s c in t il la n t  
and were mated to Amperex 56 AVP photom ultiplier tubes. Counters 1 and 
2 were 20 cm x 20 cm x 6 cm, counter 3 , which was adjacent to , and the 
same size as the ta rg e t, defined muons incident on the ta rg e t, counter 4 
was a large anticoincidence counter and counter 5 served to monitor the 
effic iency  of counter 4. Counter 4 was large enough to detect partic les  
which underwent large angle scattering in the target. Under operating 
conditions counter 4 was about 98.5% e ff ic ie n t and its  e ffic iency  
was monitored by the ra tio  1235/12345. A stopping muon was s ig n ified  
by coincident signals from counters 1, 2 and 3 with no signal from 4 
(1234).
Precautions were taken to exclude high Z materials from the region 
of the detector; the shielding consisted exclusively of borated Cl^, the 
counter supporting frame was prim arily  As,, and the nearest Pb was in  
the 20 cm x 20 cm collim ator located 90 cm upstream from the ta rg e t.
The beam was moderated with 25 cm x 25 cm polyethelene sheets inserted  
downstream of counter 2. The photon-detector was placed centra lly  under 
the ta rg e t, and was kept beneath the beam level in order to minimize 
its  count rate . The principal detector used was a 7% e f f ic ie n t ,  coaxially  
d rifte d  Ge(Li) supplied by Princeton Gamma Tech. Under operating 
conditions th is  detector exhibited a resolution of 3.2 keV at 1.3 MeV 
(60Co) and 3.6 keV at 2 .6  MeV (56Co). For some of the la te r  work on
24
10C\ Ortr
Sn and Pb a larger detector was used, which had an operating 
resolution o f s lig h tly  better than 3 keV at 1.3 MeV and an e ffic iency  
o f 10%.
The detailed chemical composition o f the ta rg ets , th e ir  dimensions 
and mass are shown in Table V I. All the targets were in powder form 
except the Pb which was in solid  sheet form. The powder was made 
in to  a target by encapsulating i t  in a rectangular box made from thin  
p las tic  sheet.
B. Electronics
The purpose of the e lectronic c irc u itry  was to transmit the signal 
from the Ge(Li) detector to an energy pulse height analyser (PHA), and 
at the same time to provide timing information of the y ray re la tiv e  
to the preceding, muon stop. The Ge(Li) detector searched fo r resulting  
photons fo r a period of up to 500 nsec a fte r  each stopping muon. The 
timing spectrum (F ig . 6) distinguished between prompt events, such as 
muonic x rays, where the stopping muon and the resultant photons are 
coincident, and delayed events, such as nuclear y rays which can resu lt 
from muon capture.
Both pieces of information ( i . e . ,  energy and tim in g ), were fed into  
analog to d ig ita l converters (ADC) which were gated on a fte r  a y-stop 
coincidence had been detected. Fig. 7 shows the main logic c irc u itry  
used in analyzing the signals. The method fo r obtaining a stopped 
muon signal (1233) using the usual combination o f discrim inators, delays 
and coincidence units is shown in Fig. 8. The signal from the detector 
was in i t ia l l y  passed through a (room temperature) FET pream plifier 
(Canberra 1408C), which also received a signal from a reference pulser 
fo r s ta b iliz a tio n . The pulser signal was fed in through a 1.5 pF
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precision capacitor which had a temperature s ta b ili ty  of 1 part in 
106/°C . These signals were fed d ire c tly  to the main am plifier system in 
the counting room via doubly-shielded cable. The main am plifier system 
consisted o f a TC200 am plifie r (Tennelec) used to extract timing in fo r-  
mation, and a second lin e a r am p lifie r (Tennelec TC203) where the pulse 
was shaped, and pole-zero and base-line restoration corrections applied, 
before energy analysis. To extract a timing signal fo r the pulse, two 
outputs from the f i r s t  stage of the TC200 were fed into discriminators 
and then recombined in a coincidence un it. One discrim inator was set to 
tr ig g er above the noise and was given a wide output while the other 
triggered in the noise but had a narrow output. Thus an output from the 
coincidence unit denoted a signal whose magnitude was above the noise, 
but ye t could be given e ffec tive  leading edge tim ing. With this method a 
timing resolution of 100 nsec fu l l  width at h a lf maximum (fwhm) over an 
energy range 0.1 to 8.5 MeV was obtained. This was superior to the tim­
ing resolution obtained from a commercial constant-fraction discrimina­
to r. Outputs from this coincidence unit were used as one input to the 
y-stop coincidence u n it, and as the "start"  signal o f the time to ampli­
tude converter (TAC), which served to provide an analog signal giving 
the time delay between the stopping muon and the resultant photons.
The other input to the y-stop coincidence u n it, and the "stop" signal of 
the TAC were provided from outputs of a delayed 1234 event. The y-stop 
coincidence provided the gating signal fo r both energy and timing ADCs. 
The gate generators were logic shaper and delay units (Canberra 1455) 
and were used to provide a variable w idth, as well as signal level con­
version. Incorporated in to  the y-stop coincidence unit was an a n ti-  
coincidence signal formed when e ith e r  o f the ADCs was busy, or when
incoming photon signal rates became too high. The la t te r  signal 
was produced by a commercial p ile-up protector (EG&G, model GP 100).
The en tire  logic c irc u itry  could also be gated o ff  by a pulse derived 
from the synchrocyclotron R.F. signal during the prompt beam "spike".
Since i t  was possible fo r a very low-energy pulse to meet a ll other 
requirements, but s t i l l  f a i l  to tr ig g er the base line  of the energy 
PHA, the "sample" input of the PHA was connected to the output o f the 
higher level timing discrim inator as the "threshold" control. The 
e ffec t o f this was that any signal meeting the timing requirements was
analyzed. This reduced the lower energy threshold from 110 keV to
80 keV.
Data acquisition fa c i l i t ie s  o f the SREL IBM 360-44 were not 
continuously availab le  fo r the experiment and thus two data co llecting  
techniques were employed. When they were not available fo r this  
experiment, the timing information was analyzed in a 400 channel (TMC) 
pulse height analyzer. When the 360-44 was used, a Kicksort ADC, set 
to 1024 channels, was used as the timing d ig it iz e r  and the data were 
fed d irec tly  to the computer via an IBM 2972/7 in terface. The analog 
energy signal from the TC203 was fed into a Kicksort 8192 channel PHA. 
The ADC in the Kicksort was able to d ig it iz e  0-10 volts in to  8192
channels, but since its  memory had only 4096 channels i t  was necessary
to accumulate spectra separately into the upper and lower halves of the 
energy region studied when running without the 360-44. When the compu­
te r  was availab le the 13 b its  o f energy information and the 10 b its  o f 
timing inform ation, fo“F  each va lid  event, were transferred to the 
computer and sorted and stored there.
A block diagram o f the data flow is shown in Fig. 9. For each 
valid  event the timing and energy information was transferred through 
the IBM 2972/7 in terface to the computer. The computer sorted these 
data in to two 8192 channel energy arrays, one prompt and one delayed 
with respect to a muon stop s ignal, and one 1024 channel timing array.
In addition , cumulative prompt and delayed energy analyzers were kept 
in disc storage. A ll o f these arrays were continuously monitored during 
each run via p r in te r , point p lo tte r  and cathode-ray display. The timing 
windows fo r  separating the prompt and delayed spectra were determined by 
inspecting the timing spectrum fo r the entire energy range and v isua lly  
judging where the exponential decay due to events following muon capture 
commenced, (F ig . 6 ). When running without the 360-44 data acquisition  
f a c i l i t ie s ,  the timing was adjusted so that the energy PHA would accept 
signals fo r  100 nsec a fte r  each muon stop. The stored data were i n i t i a l ­
ly  printed out on a high speed paper p rin ter, but during la te r  runs an 
incremental magnetic tape unit (CYPHER) was used to store the energy 
and timing information fo r each event, and to record the contents of the 
4096 channel energy analyzer memory.
C. Experimental Procedures
In order to ensure s ta b ility  a two-point d ig ita l s ta b iliz e r
(KICKSORT) was used in conjunction with the energy ADC. This held the
centers o f two chosen peaks fixed , by applying corrections to the gain
and slope in tercept of the energy ADC conversion. Lines which were
67used fo r s ta b iliza tio n  were the 136 keV line o f Co, the 511 keV 
lin e  from positron ann ih ila tio n , a reference pulser peak and the 2p-ls  
muonic x-rays. The advantage of the f i r s t  three lines is th a t they 
can be exactly reproduced in a ll forms of calibration runs and hence
28
there is l i t t l e  danger of changing the gain during ca lib ra ting  between 
runs. For this reason the 511 keV lin e  and the reference pulser were
used whenever possible. The high s ta b ili ty  precision reference pulser
72was constructed from the design o f Strauss. A measure o f the s ta b ility
achieved can be seen in Fig. 10 where the channel variation o f the 511
22keV lin e  and the 1274 keV lin e  from Na are plotted as a function of 
time. These data are taken from ca lib ra tion  runs during 15 days o f the 
in i t ia l  experimental run and show a maximum daily  fluctuation of less 
than 100 parts per m illion .
The system lin e a r ity  was determined by three independent methods.
A precision pulser, with a Kelvin Varley voltage d iv ider, was used to 
produce a series of equally spaced pulser peaks, which spanned the 
spectrum. These pulses were* fed in to  the system via a precision capacitor 
in the pream plifier. To determine the lin e a r ity  under operating condi­
tions a series of 17 ca lib ration  sources was used. Each source was run
22in conjunction with Na which allowed the ca lib ra tion  runs to be compared 
with each other. A complete l is t in g  o f the sources used, together 
with th e ir  energies, references and other possible uses is given in 
Table V II .  One o f th e ir  other uses was the determination o f a re la tive  
e ffic ien cy  curve as is shown in Fig. 11. As a check of the efficiency  
curve a set of calibrated sources was used in a known geometry and abso­
lu te  effic iency  values calculated. There was a good agreement between 
these methods. A th ird  method of measuring lin e a r ity  was applicable only 
a t the higher energies, where there is a dearth of well known calibration  
lin es . A photon with energy greater than the threshold fo r pa ir produc­
tion w ill  have two associated peaks, at 511.006 keV and 1022.012 keV be­
low the photopeak, corresponding respectively to the escape of one or both
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positron annih ilation  y-rays. These 511 keV energy differences were
measured from the high energy ca lib ra tio n  sources, the muonic K x-rays
and from thermal neutron capture in iro n , and when used in conjunction
with one known energy lin e  provided good energy calibration-.- The
p o ss ib ility  that the measured lin e  separations are not exactly 511.006
73keV has been discussed by Strauss. Such effects should be neg lig ib le  
fo r a coaxial detector.
One other parameter essential fo r the id en tific a tio n  of weak or 
m ultiple peaks was the peak resolution as a function of energy. Using 
th is , i t  is possible to distinguish weak peaks in the prompt spectra 
which may be nearly coincident with muon capture y-rays. This was 
especially helpful in the case o f Pb where the spectrum was rather 
complex. Table V gives the fwhm of single peaks as a function of energy
one
and is taken from the Pb data.
The usual experimental sequence involved collecting data from the 
target fo r 7-10 hours, with a short ca lib ration  run d irec tly  preceding 
and succeeding each run. The beam was le f t  on during ca lib ration  runs 
but in order to speed data collection the "stop" requirement o f the 
"y-stop" coincidence unit was removed, and the data were collected  
"self-gated". The main purpose o f these calib ration  runs was to 
verify  that there had been no substantial gain s h ift  during the target 
run which might cause peak broadening and a resultant loss of resolution. 
Once i t  became apparent that the system was extremely stable , the 
calib ration  runs were taken less frequently and the target runs extended 
in duration.
D. Energy Evaluation 
The absolute energies of muonic transitions were determined 
using two techniques. In order to decrease experimental uncertainties  
fo r prominent transitions in the muonic spectra, the K, L and M lin es , 
a "feedthrough" technique was used, which employed the simultaneous 
accumulation of muonic peaks and precisely known ca lib ra tion  lines . 
Theoretically  i t  is most important to know the L lines extremely well 
since th e ir  energies are less dependent upon the nuclear parameters 
but are s t i l l  fa r  from being p o in t-lik e . The "feedthrough" technique 
consisted of determining the approximate energy of the tra n s itio n , 
e ith e r from previous experimental work or from theory, and then choosing 
one or two ca lib ration  sources whose energies are accurately known 
and which l ie  close in energy to the required tran s itio n . These 
sources were then placed near the detector so as to appear in the 
muonic spectrum by accidental coincidences with miion "stop" signals. 
Experimentally th is  technique was convenient since the data accumulated 
s u ffic ie n tly  rapidly that a f i t  to the lines from one eight hour run
CC
was not s ta t is t ic a l ly  lim ited . In the case of the weak Ga source
one
used to evaluate the Pb lines whis technique was amended, by 
removing the requirement fo r a "stop" s ignal, thus perm itting more 
rapid data accumulation in the calib ration peaks. Checks were made 
to search fo r possible dependence of the measured energy on the mode 
of data co llection . Provided the deadtime on the PHA was kept within  
reasonable lim its  (<25% deadtime), any difference was well w ithin  
s ta tis t ic a l e rro r, independent of whether the beam was on, or whether 
a photon occured in coincidence with a muon stop.
In most "feedthrough" runs the chosen ca lib ra tion  lines were 
within 100 keV of the muonic transitions to be measured. To evaluate 
the transition  energy the system was assumed lin ea r over the small 
range of in te re s t, the gain calculated from the calib ration peaks, and 
the unknown energy interpolated from the nearest "feedthrough" c a l i ­
bration lin e . A ju s tif ic a tio n  fo r the v a lid ity  of this technique 
was the good consistency found when a lin e  was evaluated from more 
than one p a ir of calibration lin e s , and also the excellent agreement 
obtained when the energies were evaluated using the preceding and 
succeeding calibration runs. Some examples o f results using feedthrough
techniques are given in Fig. 12 and Fig. 13. Fig. 12 shows the L
142 fifl 22lines of Ce evaluated with ca lib ration  lines from Co and Na.
Fig. 13 shows the ^ S n  muon lines with ThC* feedthrough.
The remaining muonic tran s ition  energies such as the 2s-2p and 
the 3p-2s lines were determined re la tiv e  to prominent muonic transitions  
in the summed spectrum using the gain curve determined from the c a l i ­
bration runs and 511 keV differences. The non-lin earity  correction was 
obtained by f i t t in g  a variable order polynomial to a variable number 
of nearest points. In practice a cubic equation was f it te d  to the 
closest 6 points but the correction proved to be insensitive to the 
order o f the polynomial or the number o f points used.
E. Data Analysis 
In f i t t in g  the experimental data a ll  major peaks in both prompt 
and delayed spectra were analyzed using a least squares f i t t in g  technique. 
Since most o f the peaks corresponded to y rays whose natural width 
was less than our experimental resolution, the mathematical form of the
lin e  shape should represent the response of the apparatus and should 
id ea lly  be Gaussian.
I f  N..(x) represents the theoretical number of counts in channel
xL
x, contributed by the i Gaussian (allowing fo r the presence of more 
than one peak in the neighborhood of channel x ) , then the theoretical 
form assigned to i t  was
Ni (x) = A1 exp [  -  l/2 (x -X i ) 2/(k w .)2] 12
and the form of the complete function was
Nth e o rW  = ^ =1 N..(x) + Background 13
In these formulae
k = constant = 2.35498
x L
X.j = central channel of i Gaussian
x L
A.j = amplitude in counts of the i Gaussian
w. = fu l l  width a t h a lf maximum of the i^ 1 Gaussian
In practice the maximum number o f Gaussians j  was restric ted  to 
5, and in general the number o f variables was reduced by equating 
a ll the widths w^  to a single variable w. The observed in ten sity  of
the trans ition  is given by the area under the Gaussian
I.. = kw^A^/(2tt) 14
In order to be able to represent both lin ea r backgrounds and 
those with a f in ite  curvature, an exponential background shape was 
assumed:
Background = B exp [ a( x-X.. ) ]
where
B = amplitude o f background at the center of Gaussian 1 
x = variab le exponential constant.
I t  was found that varying the number of channels over which th is  
function was f i t te d  did not appreciably e ffe c t the values of the 
parameters derived (A.. ,X.j ,B ,x ), provided the range was large enough 
to allow a good f i t  to the background function. Exceptions occurred 
when structure from another Gaussian was obviously being included 
in the range. As a rule these techniques gave a variance between
0.5 and 1 .5 , indicating that reasonable theoretical representation  
had been used fo r the data.
P rio r to one o f the runs the detector sustained some neutron
damage, and th is resulted in exponential ta ils  on the Gaussians, due
to incomplete collection o f charge. For these data, the variances
fo r  a f i t  to a Gaussian function were very much la rg e r, and in order
to represent the data properly a mathematical form of the type suggested
74by Routti and Prussin was used. This function contained additional 
parameters, tran s ition  points beyond which the Gaussian function 
became a decaying exponential, while s t i l l  preserving functional and 
d iffe re n tia l continuity at the boundaries. For th is  function
at which exponential behavior begins. The same functional form was 
always used to analyze both calibration and data runs.
Transitions involving the 2s s ta te , as well as many of the other 
higher tran s itio n s , were re la tiv e ly  weak and hence essen tia lly  
unobservable, or at best s ta t is t ic a lly  lim ited in one ten hour run.
15
2 2where V and U are the distances below and above the central channel
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Some method was thus required fo r summing the data which would not 
obscure any of the peaks. Simple adding was in s u ffic ie n t since the 
runs on each target extended fo r  two weeks or more, and a daily  gain 
variation of up to 100 parts per m illio n  was determined from the c a li­
bration runs. To compensate fo r  th is , one run was chosen as the 
"basis" run, e ith er because there was a calib ration  source feeding ~ 
through on accidental coincidences, or because of high consistency 
between the pre- and post-ca lib ra tion  runs. Within the "basis" run 
two well defined peaks were chosen and th e ir  centers determined.
These same two peaks were f i t te d  in each of the runs to be summed.
I f  y.j and y2 are the peak centers in the "basis" run, and t-| and
t 2 are the same peak centers in the run to be summed, then the lin ear  
transformation
Cfa = mCp+k 16
where
is a channel in the basis run
0  ^ is a channel in the run to be summed
m = (y1-y 2) / ( t 1- t 2 ) 
and k = y^-mt^
w ill map the centers t-j and t 2 onto y-j and y2 respectively. From 
this transformation i t  was then possible to determine fo r a particu la r  
run what fraction of its  channels contributed towards a channel in 
the "basis" run. A fte r each run was mapped onto the basis run the 
channels were summed. The data were then in the form o f two 8192 
channel arrays in which the energies o f the dominant peaks were accurately 
determined from "feedthrough" runs.
F. Isotope Corrections
Once the energies corresponding to peaks in the various spectra
had been evaluated they were corrected fo r isotopic im purities to
convert them to energies o f the principal isotope. In the cases o f
^20Sn, ^®Ba and "^Ce the targets were o f high enough purity  (-98%
mono-isotopically pure) that the measured energies could be assigned
142d ire c tly  to the tran s itio n  energies in these targets . In Ce and 
206Pb the isotopic im purities were s u ffic ie n tly  large that a correction
was applied fo r isotope s h ifts . The detailed ta rg e t compositions
are shown in Table V I. For the K lines th is  was re la tiv e ly  easy since
transitions from d iffe re n t isotopes were resolved and also since these
75-77have been measured accurately by other experimenters. The
140-142 Ce K isotope s h ift  was measured d ire c tly  and w il l  be discussed 
with the resu lts . When the lines had not been detected before or the 
lines could not be resolved, a d ifferent technique was required.
To correct fo r these the Dirac equation was solved numerically using 
approximate, but reasonable values fo r the nuclear charge parameters, 
u n til a correct K isotope s p litt in g  was predicted. The isotope sh ifts  
of the other levels were then evaluated from these two solutions.
I f  x is  the measured center of the peak and x is the actual 
center then
x = ( l - a )x  + a(x+s) 1^
=  X +  a6
where a  is the fractional impurity and 6 is the isotope s h ift  fo r  
the level in question. Since a<0.1 the only states to which a correc­
tion could sensibly be applied were the Is ,  2s, 2p l/2  and 2p3/2 
states. The appropriate isotope sh ifts  are given in Table V I I I .
G. Nuclear Parameters 
As discussed previously not a ll  muonic levels are equally sensitive  
to the nuclear parameters. Since the parameters are determined by 
a least squares f i t t in g  technique, the inclusion of accurately known 
transition  energies fo r high % values, which are essentia lly  point­
l ik e , or of energies with large erro rs , w ill  resu lt in an a r t i f ic ia l ly
p
reduced value fo r the chi-squared test (x )• The only transition  
energies or energy differences used to evaluate the nuclear parameters 
were those having a substantial f in ite -s iz e  dependence and a small 
erro r. In practice this meant tran s itio n  energies or differences 
involving the Is , 2s, 2 p l/2 , 2p3/2, 3pl/2 and 3p3/2 states and having 
errors less than 0.6 keV. The use of energy differences was prompted 
by the lack of an adequate number of ca lib ra tion  sources above 2 MeV 
fo r use in absolute energy determinations. However, an energy difference  
could s t i l l  be accurately evaluated because o f the independent measure­
ments o f the 511.006 keV energy differences. The 4d5/2-2p3/2 transition  
was excluded from the f i t t in g  proceedure because of its  contamination 
by the 4d3/2-2p3/2 trans ition  and by the e le c tr ic  quadrupble transitions  
4f7/2-2p3/2 and 4f5 /2-2p3/2 . Table IX shows the combination o f various 
energies which were used to evaluate the nuclear parameters fo r each 
target. Tables I I I  and I I  show the detailed e ffec t of the f in ite  
size and also the derivatives of the energies with respect to the
parameters of a normal three-parameter Fermi d istribution  fo r Pb 
138and Ba respectively. The reduction of f in i te  size effects fo r  
lower Z are clear from a comparison of the two tables.
The nuclear parameters and th e ir  errors were evaluated by comparing 
the theoretical and experimental value with a least squares f i t t in g
37
technique. The theoretical values fo r the energy levels were obtained
by solving the Dirac equation numerically and then applying corrections
fo r f i r s t  order vacuum p o lariza tio n , Lamb s h ift  and anomalous magnetic
moment. These were calculated from the wave functions derived from the
Dirac equation. Further corrections were then applied fo r higher order
71vacuum po larization e ffe c ts , following the methods of Fricke, and
65in most cases fo r nuclear polarization following the methods of Chen 
or Skardhamar. The values fo r these two corrections are shown in 
Tables X and XI.
For each ta rg e t, parameters fo r the two-parameter Fermi charge 
distrib u tio n  were obtained: (1) when the nuclear po larization for
each level was set at zero; (2) when i t  was set at the theoretical 
value; and (3) when the Is level e ffec t was allowed to vary, the others 
being set to th e ir  theoretical values. I t  was found that in general, 
f i ts  did not give convergence when a central depression was included
as a th ird  or fourth parameter. However, electron scattering experiments
1 op 208 78
from Ba and Pb have indicated presence of a central depression. *
Fits were made including this parameter and also fo r various values of
51the parameter m as suggested by Heisenberg et  ^ al_- A s im ilar
208analysis had been tr ie d  on Pb, and since the nuclear po larization
parameter showed l i t t l e  s e n s itiv ity  to these additional parameters,
only a lim ited  number o f f i ts  were tr ie d . Since there appears no
theoretical reason to prefer the Fermi d is trib u tio n  (equ. 6 ) , aside
138from convenience and common usage, the Ba analysis was also performed
43with a Family I I  d is trib u tio n  and with other d istributions lis te d  
in "Results", to determine whether the Fermi d istribu tion  gave markedly 
b ette r resu lts .
38
Once a set o f parameters had been derived a check was made to
determine whether i t  corresponded to a true minimum. To do this  
2
the x values were recalculated fo r  small increments on e ith e r side 
of the calculated value. In quoting fin a l values consideration was 
given to the true significance of the figures and they were quoted 
to the nearest value commensurate with the uncertainties. The errors 
quoted fo r the nuclear po larization were increased from the calculated  
values in order to re fle c t uncertainties in the nuclear polarization  
corrections to the other le ve ls , and also the uncertainties in the 
other theoretical corrections.
H. Relative In ten sities  
Although not the primary in ten t of th is  experiment, measurements 
were made on the re la tiv e  in ten s ities  o f the various muonic transitions. 
Experimentally the in tensity  of a given tran s itio n  was measured by 
the to ta l number of events detected, which was the area beneath the 
peak. I f  N(E) is the number o f events detected at energy E then
N(E) = f c No(E) e(E) A(E) 18
where w is the average solid  angle subtended by the detector to the 
target
Nq ( E )  is the to ta l number of y rays emitted at energy E 
e ( E )  is the detector e ffic iency  a t energy E 
and A (E )  is an attenuation fac to r caused because the y rays are 
attenuated both in the target and in the intermediate space.
The re la tiv e  in ten sity  measurements are given by NQ(E^)/N0(.E2) , 
and since th is is a ra tio  the so lid  angle e ffe c t can be neglected, 
i t  being energy independent. The attenuation facto r A(E) was evaluated
39
from
A(E) = exp C-A (E)x -XgCEjXg—  * ] , 19
where x^  is the dimension of the intermediate material through which 
the radiation must pass,
where p.. is the material density and y .(E j/p^ values are given in
The calculation o f the peak areas N(E) is explained in the section 
on "Data Analysis". Since isotopic im purities should add a known 
fraction to each peak, and since only ratios were evaluated, no correc­
tions were made to the re la tiv e  in ten s ities  fo r isotope contamination.
In order to calculate the detector re la tiv e  effic iency curve 
a set of calib ration  sources having well determined re la tive  in ten s i­
ties  and energies, was used, (Table V I I ) .  From equation 18 the values 
of e ( E ) / e ( E 0 ) were evaluated from the ca lib ration  runs and hence a 
re la tive  e ffic iency curve obtained (F ig . 11). The energy range of 
this curve is restric ted  to 0 -4 .8  MeV because of the lack of higher 
energy sources. To extend the curves beyond th is the re la tive  
in tensities  of the muonic K, L, and M lines fo r high Z materials are
measured and compared with theoretical predictions using a cascade 
80program.
To calculate the e ffic ien cy  corrections fo r members of a fine  
structure multi p ie t the experimental re la tiv e  e ffic iency curve was 
f i t te d  to a mathematical function,
and A^(E) is the attenuation co e ffic ie n t o f this m aterial. In practice  
A ( E) was evaluated from
20
reference. 79
using a least squares f i t t in g  technique, where EQ is some a rb itra ry
energy which is chosen as a standard, and c is a variable parameter.
(c = -1 *1 ) The theoretical values fo r the re la tive  in ten s ities  were
calculated from a cascade program w ritten  by J. Hu'fner.®0 He followed
81 82the methods of Eisenberg and Kessler ’ who assumed the muons were 
atomically captured with a known distribution  in a high o rb ita l le v e l,  
and then cascaded through the various muonic levels by Auger electron
emission and e le c tr ic  dipole radiation . The trans ition  rates fo r
83processes were calculated from the expressions due to de Borde
and Burbridge and de borde which described a ll bound states with
p o in t-lik e  hydrogenic wave functions. Previous work done in this  
84laboratory suggested that there was no strong dependence of the
re la tiv e  in ten s ities  o f the lower states upon the in i t ia l  muonic level
chosen fo r the d is trib u tio n . Because of th is , the in i t ia l  muonic
orb it was chosen at the electronic Bohr radius (n=14) and a s ta tis t ic a l
d istribu tion  (P = 2£+l) was used.
From the early  stages of the analysis i t  became obvious that
27e le c tric  quadrupole transitions were being observed and that the 
cascade program should be amended to account fo r these tran s itio n s , 
as well as fo r  the f in ite -s iz e  e ffe c t on the muonic wave functions.
The theory o f electromagnetic trans ition  rates is treated comprehen­
s ively  in reference 85. Under the n o n -re la tiv is tic  long wavelength 






L(2L+1) [(2L+1) ! !  ]
The la s t set o f parentheses represents a 6 - j  symbol 
and = <r*"> = r ^ f f - *  + gg")r^dr
where A E  is the trans ition  energy. The muonic Bohr radius and mass 
are given by a and r respectively, and f ,  g and f ' t  g '  are the in i t ia l  
and fin a l muon radial wave functions and are obtained from the numerical 
solution to the Dirac equation.
To account fo r the effects mentioned above, point nucleus wave 
functions were used in the cascade calculation only fo r levels n>4.
For n<4 the probab ilities  fo r e le c tr ic  dipole and e le c tr ic  quadrupole 
transitions were calculated using equ. 22 and the population o f each 
lower level predicted. For muonic transitions in high Z atoms the 
probab ility  o f Auger emission is extremely small fo r n<4 and was 
neglected.
The population of each lower level as a percentage of the to ta l
140number o f muons captured into bound atomic states o f muonic Ce 
is given in Table IV . The comparison between theory and experiment 
was used prim arily as corroborative id e n tific a tio n  o f the 2s s ta te , 
but was also very useful in the id e n tific a tio n  and analysis o f the 
e le c tr ic  quadrupole transitions.
I I I .  THEORY
A. The Solution to the Dirac Equation 
The muon energy levels are evaluated by solving the eigenvalue 
equation
Hu = Eu 23
where H is the Hamiltonian fo r the whole system, consisting of muon,
nucleus, electron cloud and radiation f ie ld . I t  w ill  be shown la te r
that the weak interaction between the muon and the nucleus is neg li­
g ib le , and that fo r the lower muon levels the electron shielding 
in teraction can also be ignored. To f i r s t  order the muonic energy 
levels are given by:
[H(y) + H(y-nucleus)]u = Eu 24
where H(y) is the Hamiltonian fo r the free muon 
-  - ?H(y) = ca.p + 3mc 25
and H(y-nucleus) is the Hamiltonian fo r the e lec tro s ta tic  muon
nucleus in teraction. H(y-nucleus) is usually given in the form of
a central potential V (r ). In equation 25 a and 6 are the 4x4 Dirac
33matrices and u is a 4 - component wave function. Since u is derived 
from the 2 - component spinors, i t  is possible to express its  components 
in terms of two radial functions, f ( r )  and g ( r ) ,  and an angular depen­
dence expressed in terms of spherical harmonics.
By making the transformation F (r) = r f ( r )  and G(r) = rg (r) 




= K 4 ^  -  [E -  "K2 -  v ( r ) ]
CD
i G k I = . K sLri+ ^il-[E + mc2 -v(r) ]
where
K = - (4+1) i f  j  = 4 + 1/2
= +  a  = sl -  1/2
The probab ility  of finding the muon within a radial increment 6r 
at radius r is given by:
[F (r )2 + G (r)2 ] 6r r “2  ^ 27
Now m is the reduced mass of the muon-nuclear system and is used
to account fo r the motion re a lly  being about the mass center
m m u nm —-----m +nr y n
Replacing V(r) by the simple e le c tro s ta tic  interaction fo r two point
charges, i t  becomes 
2
V(r) = -  ^  28
Then equation 26 can be solved exactly to give e x p lic it  analytical
86 87functions fo r the energies and the wave functions. Because of
th e ir  s lig h t nuclear overlap this is a good approximation fo r some 
of the higher o rb ita l angular momentum states.
For a f in ite -s iz e d  nuclear charge d istribution  the exact solu­
tions to equation 26 were obtained by using a computer code of 
34McKee, which numerically integrates the equations using a Runge- 
Kutte technique. The potential fo r the f in ite  size charge d istribution  
is given by:
44
V(r) = -  / “ p ( r " ) ( r '2 -  r r" ) dr" 29
where only the f i r s t  two terms in the multipole expansion of V(r) 
have been used. With an in i t ia l  estimate fo r the eigenvalue E, the 
equations were integrated outwards from the o rig in , and inwards from 
the in f in i ty .  The difference in the ratios F (r ) /G (r ) ,  obtained by 
each in teg ra tio n , was evaluated at the muonic Bohr radius. A fter  
calculating several values of th is difference corresponding to d iffe re n t  
values o f E, an in terpo lation program was used to evaluate the energy 
eigenvalue giving a zero difference. Equations 26 were then solved 
using the energy eigenvalue to obtain the eigenfunctions and the 
matrix elements necessary to calculate the re la tiv e  in ten sity  tran s ition  
rates. Although this evaluates the muon binding energies fo r the
muon-nucleus system, with the nucleus treated as a f in i te  size
structure, i t  is s t i l l  necessary to account fo r numerous other e ffec ts .
These w ill be divided into thr?e groups:
1. Effects calculated using the numerical solutions to the 
Dirac equation.
2. Effects evaluated by other authors.
3. Effects which can be shown to be e ith e r too small or absent
fo r the targets used, and which were not applied.
A fourth group which has already been accounted fo r contains 
the f in ite  size e ffe c t and the use of the reduced muon mass.
Group one contains f i r s t  order vacuum polarization and other 
rad iative  corrections, group two includes nuclear po larization and 
higher order vacuum p o la riza tio n , and the th ird  group contains electron  
shielding, weak in teractions , and s ta tic  and dynamic hyperfine e ffe c ts .
B. Group One Corrections 
la . Vacuum Polarization
The vacuum polarization e ffe c t is the principal quantum electro­
dynamics e ffe c t in muonic atoms. In the presence o f an e le c tr ic  f ie ld  
the vacuum becomes polarized through the emission of v irtu a l photons 
which become v irtu a l electron-positron pairs. These have a "range" 
of the electronic Compton wavelength = 1i/(mec)^386  F, and are 
important fo r muonic atoms because o f the small Bohr radius fo r  
the Is muon = 250/Z F. This correction is represented by the 
Feynmann graph (a) in Figure 14. To the lowest order in aZ vacuum 
polarization can be expressed as an additional term V ( r )  in the
binding potential V (r ) , and has the e ffe c t of increasing its  strength
88 89at short distances. ' In a physical representation, th is corres­
ponds to the probe p a rtic le , the muon, penetrating the polarized  
cloud, and observing a larger e ffec tiv e  charge than i t  observed from 
fa r  o ff . A multipole expansion44 of the vacuum polarization potential 
gives fo r the monopole tern /^
30
where
H (t) = f ° l  dy y"2 exp (-2 y t) (1 + l/2 y " 2) ( l -y " 2 ) 1/2 31
90Following the method of Glauber e t aK. th is may be expanded 
in a power series in t
H( t )  = . !  [akt k exp ( -2 1) + bkt 2k+1E (2 t)]
k=o
32
where E (2t) is the exponential in tegral
E (2t) = exP ( r 2 tz> dZ 33
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The coeffic ients in equation 32 have been evaluated by Anderson 
75et a l . , and they find  that by terminating the expansion at a  ^ and 
bg, the erro r introduced is no larger than 0.01%.
The vacuum po larization  energy correction is evaluated from 
Vvp(r )  using f i r s t  order perturbation theory and is given by
AEvp = / ” Vyp( r ) [ F ( r ) 2 + G (r)2] dr 34
p / j Q/ y*j
where and  ^ ' ■ are the eigenfunction from the Dirac equation.
This gives an energy correction to the Is state varying from 67 keV
i?o
fo r Pb to 35 keV fo r Sn. The other muonic energy levels have 
much smaller s h ifts  because of the smaller muon-nucleus overlap.
I t  is important to allow fo r these higher level sh ifts  since the 
long range of the e ffe c t makes them large compared to the experimental 
errors. Table X II shows the corrections applied fo r the important 
levels o f each targ et m ateria l.
Because the vacuum po larization  e ffec t persists fo r the higher 
leve ls , while f in ite  size effects and the other radiative corrections 
diminish, i t  is possible to obtain experimental v e rific a tio n  of the 
theoretical values. Measurements of the principal transitions involving  
the n = 4, 5 and 6 levels have been carried out, and confirm the
91 92theoretical predictions on vacuum polarization for these leve ls . ’
For these measurements i t  is necessary to correct fo r the effects  o f 
electron shielding and higher order contributions to the vacuum 
polarization .
lb . Lamb S h ift
The Lamb s h if t  is  a prime consideration with e lectronic atoms, 
but i t  is also important fo r the lower levels o f muonic atoms.
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I t  is referred to as the self-energy o f a p a rtic le  and physically  
represents the in teraction  of a charged p a rtic le  with the e lec tro ­
magnetic f ie ld  i t  produces. To f i r s t  order in a i t  can be expressed
go an
in the form of a potential energy
VLAMB = I  ae I j n 2aT“ + ? !  " 'J\7<p( r ) > 35
where the *  = Compton wavelength fo r the muon ='rf/(rnj c) <p(r)>
is the space average of the charge density over the nucleus and
aE is an average excitation energy of the muon calculated by the 
93 95Bethe sum. ’ This expansion can th e o re tica lly  only be made under the
?f)ficondition Z a « l , which is not v a lid  fo r Pb, but because of nuclear 
penetration a muon in the lower states sees an e ffe c tiv e  to ta l charge 
I ' < 1 .  B arrett e t  a l . ^  show this expansion to be accurate to within  
30%. The average excitation energy of the muon is approximated in 
th e ir  method by equating i t  to the binding energy o f the state under 
consideration.
The Lamb s h if t  fo r the muonic 1s state varies from 2.5 keV at
Z=82 to 1.5 keV at Z=50, so that a 30% erro r could Irave a substantial
e ffe c t on the predicted energies. Table X II I  shows the Lamb s h if t
fo r a ll  levels calculated using the method of B arre tt. The Lamb
s h if t  causes a decrease in the binding energy and p rin c ip a lly  affects
the muonic Is le v e l.
lc . Anomalous Magnetic Moment
A fu rth er energy s h if t  is produced because the magnetic moment
96 97o f a bound muon is d iffe re n t from that o f a free muon. ’ This 
difference can be expressed in the form o f a correction to the potential
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energy. The energy s h if t  evaluated by f i r s t  order perturbation theory 
34gives
aEAMM = " f o  ^ r ^  F( r ) G( r ) dr 36
where <j>(r) is the electromagnetic p o te n tia l, and and 
are Dirac eigenfunctions. Table XIV shows the corrections applied 
to the various states fo r  each target. I t  is apparent from the small 
energy sh ifts  that th is  e ffe c t is re la tiv e ly  unimportant, except fo r  
the Is s ta te , and that large percentage errors can be tolerated w ith­
out seriously e ffec tin g  the tran s ition  energies.
C. Group Two Corrections 
This contains nuclear po larization  and higher order vacuum 
po lariza tion , effects calculated without using the solutions to the 
Dirac Equation.
2a. Nuclear Polarization  
Nuclear po larization  arises when the muon-nucleus e lec tro sta tic  
interaction excites the system in to  v irtu a l excited states. In the 
solution of equation 24 the .n o n -re la tiv is tic  approximation can be 
used to calculate corrections since the maximum muon binding energy 
is approximately 10 MeV and th is  is very much less than the rest mass 
of the muon. The tota l Hamiltonian can then be written
Hto t = 2 i“ + V(r) 37
In solving equation 26 an approximate form fo r V(r) was used
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The correct form fo r the potential energy is
V \ r  ) = - e2 e |?p. - r J " 1 39M p -j r ' M
where the sum is over a ll protons in the nucleus and is the
coordinate o f the i^*1 proton. The difference between these two
expressions fo r the e lec tro s ta tic  potential energy 6H, can be treated
as a perturbation and the resultant change in energy is ca lled  nuclear
p o la riza tio n .
65Chen has shown that the nuclear polarization energy s h if t
may be given by „
I ‘ I 0«0 |SH|IU> |2
4E T*T E ,  +E - E . - E  • 40
" ' o  'o  uo 1 v  
W o
is the energy of the state i ,  <-I m | is the unperturbed wave- 
function and the summation is over a ll  possible states except the 
unperturbed one. When the wavefunction is expressed as a product 
of separate muon and nuclear wavefunctions (< Iy | = < I | * < u |) ,  the 
term in equation 40 involving V(r ) becomes zero, since V(r^) is 
independent o f nuclear parameters and the nuclear wavefunctions 
<I| and <1 | are orthogonal. To further sim plify equation 40
_  I  g o
( | rpi - I ) may be expanded in terms of spherical harmonics 
and a new quantity aH defined by
X/
4ire2 r < 1 nr+£ 
aHs, " ^  (2 £+ l )  ^ 1 + T  Y£m ^ P i^  Y*m 41
j, L
where and are the angular coordinates of the i proton and 
the muon respectively , and r < and r are respectively the lesser and 
greater of | r  | and |rp . | . The nuclear po larization is then given by
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A E  =  £  A E  
1=0
IM,1 |2
AE* = s U I  F. 4  -F.-E„ 42
^ t ' o  ! o "o 1
Mi ! p “ < Iouo l4HJ Iu> 43
From equation 42 the energy s h if t  fo r  the ground state must be
negative. The most recent and comprehensive method of evaluating
equation 42 has been developed by Chen and w ill be described b r ie f ly .
The sums over the muonic and nuclear intermediate states are treated
from d iffe re n t approaches.
The sum over the muonic intermediate states is treated exactly
by using the reference spectrum method. This method calculates the
f i r s t  order correction to the wave function |Aip>
| Iy>< Iy |6H j I  y >
| A \ | »  =  z  £ — ^  44
 ^ ! o yo 1 v 
by solving the inhomogeneous d iffe re n tia l equation
'  6 H * | I o U o >  45
where Hy is the radial Hamiltonian operator fo r the muon
JV 
2m
2 2 2 
H = -  —— 5- + k  ( 1  +1) + V ( r  ) 46
A C C  U U - i uy dry M M m r  Mu y
The energy s h if t  is then calculated from
AE£ = \  < IoMo l 6H£ lA^ I > 47
This involves a knowledge of the energies o f the nuclear intermediate 
states E j, which is not completely availab le . A comparison with the 
resu lt obtained using the known discrete muonic levels shows that a
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considerable portion o f the contribution comes from muonic states 
in the continuum. These have energies much larger than nuclear 
excitation energies so that uncertainties in Ej for this states w ill  
have very l i t t l e  e ffe c t on aE^.
The summation over nuclear states has been calculated both by 
99using closure with a chosen average nuclear energy (^ j )av» and 
by using calculated theoretical wave functions fo r the closed shell 
nuclei. For the nuclear dipole states (£= I) the wavefunctions 
evaluated by Gil le t  e t a l . ^ °  and by Kuo et al were used.
Although these wave functions d if fe r  considerably, the results are 
in good agreement, and indicate that principal contributions come 
from the giant resonance states , which are experimentally and theore­
t ic a lly  well understood. Because the resu lt using closure is also in 
good agreement, the errors associated with the dipole contribution  
are probably small.
Monopole corrections (£=0) have been evaluated by Chen from
103Bloomquist's wavefunctions and from the closure approximation using 
various average nuclear energies. Because of a strong energy dependence, 
and a lack o f experimental information on monopole states , these 
contributions have a large associated uncertainty.
For the higher m ultipole states the contributions are re liab ly  
calculated using the closure approximation. Because of the decreasing 
radial wavefunction overlap the contributions diminish in magnitude 
with £. This results in a dominance of contributions from high 
energy muonic states in the continuum, so that uncertainties in the 
average nuclear excitation energy have neglig ib le  e ffe c t and the 
closure approximation is extremely accurate.
Closure has been used exclusively to calculate the nuclear 
polarization e ffe c t on muonic levels other than the Is s tate . The 
muonic 2s state  is  the only other one with a large uncertainty
7
produced by the substantial monopole contribution.
CC
A more recent calculation by Skardhamar uses a hydrodynamic
nuclear model, and has included calculations on the n=3 muonic energy
levels . There is excellent agreement between these two methods, and
because o f the extension to n=3 le v e ls , Skardhamar's numbers have
been used here. The calculated nuclear po larization sh ifts  fo r
the various levels in each target are given in Table X I.
2b. Higher Order Vacuum Polarization
The vacuum po larization  accounted fo r so fa r  has been evaluated
2
only to the f i r s t  order in a . With the experimental precision now 
obtainable i t  is necessary to account fo r higher order terms. The 
corrections applied here are due to the work of F ric k e ,^  who has 
calculated the effects  o f second and th ird  order contributions graphs. 
The second order graphs are shown in Figures 5 (b ), 5 (c ), 5(d) and
*t* —5 (e ). The e ffe c t o f production o f v irtu a l y -y pairs shown in 
Figure 5 ( f )  has already been accounted fo r by B arrett et a l . 70 and 
is represented by the -1 /5  in equation 35. Table X shows the values 
of th is  e ffe c t .
D. Group Three Corrections 
These are effects  which are e ith e r too small to be detected or 
do not ex is t fo r the atoms studied.
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3a. Weak Interactions
20These are estimated by H il l  and Ford from the electron-nucleon 
beta decay in terac tio n , and are probably less than leV, and hence 
completely n eg lig ib le .
3b. Electron Shielding 
For the higher muonic states there w ill be some overlap between 
the muon wavefunctions and the electron cloud wave functions. This 
w ill have the e ffe c t o f reducing the e ffec tive  charge seen by the 
muon and w ill hence reduce the binding energies. B arrett et a l . ^
png
have evaluated the e ffe c t fo r the Is and 5g states of Bi and 
find them to be 4.6eV and 190eV respectively. Since the only level 
with n>3 which is used to derive nuclear parameters is the 4d le v e l, 
the electron shielding e ffe c t can safely be neglected here.
3c. S ta tic  Hyperfine Effects 
The term hyperfine e ffec t is applied to an in teraction of the 
muon with some property involving nuclear structure , such as the 
magnetic dipole moment or the e le c tr ic  quadrupole moment. A ll the 
targets used in these experiments are even-even nucle i, and hence have 
zero magnetic moment, and zero e le c tr ic  quadrupole moment. Thus both 
the magnetic dipole and the e le c tr ic  quadrupole hyperfine effects  
are elim inated.
3d. Dynamic Hyperfine Effects 
In the normal cascade scheme the muon reaches the Is state  
without inducing excitations in the nucleus. I f  there is a near 
energy degeneracy between two muonic leve ls , and an excited nuclear 
s ta te , i t  is possible fo r the nucleus to become excited, and fo r
a set o f compound muon-nucleus states to e x is t with energy levels  
d iffe re n t from an unperturbed system. This p o s s ib ility  is explored 
thoroughly by S ch eck^  and by Scheck and Hiifner,® but did not occur 
in the targets studied here.
The effects lis te d  under Group 1 were accounted fo r in every 
f i t  to nuclear parameters. When the Is nuclear po larization e ffe c t  
was included in deriving energies, high order vacuum polarization  
effects were accounted fo r in a l l  leve ls . Theoretical nuclear p o la ri­
zation corrections were also applied to a ll levels whose nuclear 
polarization e ffe c t was not being treated as a variab le .
IV . RESULTS
A. General Procedure 
The presentation o f the results w ill be in the form of separate 
sections fo r each target used, with an additional section summarizing 
the results on nuclear po lariza tion . The section on each target 
w ill contain details  of the spec ific  calibrations used, a complete 
l is t in g  of the x-rays observed, including energies and in ten s itie s ,
and a summary and comparison of the various sets of nuclear para-
2
meters derived. The x per degree of freedom is calculated for each 
set and is used to compare th e ir  re la tiv e  m erits. In the determination 
of energies, p a rticu la r care was taken in evaluating those transition  
energies which were used to derive nuclear parameters. This meant 
using several a lternative  methods fo r determining gains and energy 
standards. The energies of other peaks were evaluated by only one 
method and were hence assigned larger errors. A weighted average is 
quoted fo r some of the higher transitions in which the spectral line  
consists of two or more unresolved components. The averaging included 
a ll components which contributed more than 10% of the in ten s ity , 
and weighted them according to th e ir  theoretical re la tive  in ten s ities . 
In the text and figures these w ill  be denoted by the principal quantum 
numbers of the energy levels involved? that is a ll  unresolved n=6 to 




In many cases spectral lines were detected whose origins were 
unknown, but whose energies were accurately measured. When these 
appear in a figure they are described solely by th e ir  energy deter­
mination.
With the exception of the nuclear po lariza tion , the errors quoted 
in the nuclear parameter tables are the diagonal elements o f the 
erro r m atrix. Nuclear po larization was treated d iffe re n tly  since, 
as explained in Chapter 3, there is reason to assign a re la tiv e ly  
large uncertainty to the nuclear polarization e ffe c t on the 2s 
le v e l, and th is e ffec t was assumed known when deriving sets o f nuclear 
parameters. Once convergence had been obtained with a set 
of nuclear parameters including a nuclear po larization parameter, 
the value of the nuclear polarization e ffec t on the 2s level was 
allowed to vary by 20% in e ith er direction and the nuclear parameters 
were then recalculated. The average change in the Is nuclear p o la ri­
zation was then added in quadrature to its  uncertainty derived from 
the e rro r m atrix in order to derive a fin a l uncertainty.
B. The Nucleus 120Sn
The ten tran s ition  energies and the one energy difference used
to derive nuclear charge parameters are given in Table XV, along
with theoretica l values, previous experimental values, and theoretical
and experimental re la tiv e  in ten s ities . The 3d3/2-2pl/2 tran s ition
at 1022 keV was used as a standard fo r in tensity  measurements since
i t  is an intense single lin e . A precise comparison can only be made
105with the work o f Ehrlich, since the other numbers were deduced
fo r e ith e r  a d iffe re n t isotope,106 or natural Sn.107 Full details  
of the other transitions which were detected and id e n tifie d  are 
given in Table XVI.
The 2p3/2-2pl/2  energy difference given in Table XV was evaluated 
from the K lines. In addition to its  s e n s itiv ity  to the nuclear para­
meters th is value is important since i t  determines the exact energy 
s p litt in g  of the 2s-2p doublet. Three independent measurements were 
made of th is quantity. The double escape, single escape and photopeaks 
of the K lines were used to give a weighted average. The absolute
fm 24
energy values of the K lines were evaluated using ThC and Na
calib ration sources feeding through into the spectrum in accidental
coincidences with stopping muons. Both these sources have an intense
lin e  which fa lls  between the single and double escape peaks of the
K lines. The energies of the K lines were then accurately evaluated
by using these energy standards and by determining the gain from 
56e ith e r a Co source, or from the 511 keV energy differences.
Figure 13 shows the spectrum obtained using the ThC*as the energy 
standard.
The energies of the 3d-2p, or L lin e s , were determined using 
dfi Rfiboth Sc and Co ca lib ration  sources in "feedthrough" runs. Both
these sources have y-ray energies which closely bracket the L lines
56and in addition the Co has higher energy lines which were used
to evaluate the 4d-2p energies. The four lines involving the muonic
133 1922s state were evaluated by determining the gain with Ba, I r  
22and Na calib ration  sources, and then re la tin g  them to e ith er the
511 keV positron annihilation peak, or one of the L lines in the 
summed spectrum. The 2s-2p region of the spectrum is shown in 
Figure 15 and the 3p-2s region is shown in Figure 16. Peak id e n tif ic a ­
tions are shown wherever possible. The 2s-2p lines were id e n tifie d  
by th e ir  absolute energies, th e ir  energy s p litt in g  and th e ir  re la tiv e  
in ten s itie s . The id e n tific a tio n  of the 3p-2s lines appears fa ir ly  
conclusive but there were two ambiguities. The f i r s t  was th e ir  
anomalous in ten s ities  and the second was the presence of a peak at 
720.7 keV, whose orig in  is unknown and which was predominately prompt. 
All three peaks had contamination from small peaks in the delayed 
spectrum, but even when these were allowed fo r , the in ten s ities  were 
higher than predicted th e o re tic a lly . I t  is unfortunate that additional 
id e n tific a tio n  cannot be obtained on the energy s p lit t in g  from the 
3-1 tran s itio n s , but in s u ffic ie n t data were obtained to give re lia b le  
f  i t s .
Since no p a ra lle l work had been done with electron scattering  
a ll the f i t s  to nuclear charge parameters assumed zero central depres­
sion, and were restric ted  to two- and three-parameter Fermi charge 
d istrib u tio ns . The results of the f i ts  are summarized in Table XVII.
I t  can be seen that any o f these distributions adequately describe
O
the experimental data and that a s lig h tly  better x per degree of 
freedom is obtained by omitting nuclear po larization. The description  
of the nucleus including nuclear polarization is also s a tis fac to ry , 
and presumably more reasonable, since nuclear po larization seems 
c learly  present a t higher Z, and is predicted to increase the binding 
energy of the Is state by 4.5 keV in Sn. The associated uncertainty
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is 3.0 keV which is dominated by the s e n s itiv ity  o f the parameters 
to the value assigned to the 2s nuclear po lariza tio n . There is  a 
considerable variation in the nuclear parameters obtained with and 
without nuclear po lariza tion , so that an improvement in the energy 
determination, especially fo r the K and L lin e s , together with results 
from electron scattering , should determine whether the nuclear p o la ri­
zation e ffe c t is in agreement with the theoretical predictions.
C. The Nucleus ^ B a
1 38The transitions measured and id en tifie d  in Ba are shown 
in Tables XIX and XX. The f i r s t  table consists o f transitions which 
possess a strong dependence upon the f in i te  nuclear s ize , and which 
were used to derive the nuclear parameters. The second table lis ts  
the other transitions detected. These were not used to derive nuclear 
parameters because they e ith er had neg lig ib le  dependence upon the charge 
parameters, or the energy uncertainty was too large , or they were 
members o f an unresolved multi pi e t.
The energies of the K-line double escape peaks were evaluated
24from a feedthrough run using a Na ca lib ration  source which has an
intense lin e  at 2.75 MeV evaluated to w ithin 120eV ( r e f .  109).
24The Na feedthrough run was also used to determine the L -lin e
energies since i t  has an additional lin e  at 1368 keV. A further
fif)feedthrough run was taken using Co which has y-ray energies closely 
138bracketing the Ba L lin es . There was excellent agreement between 
the energies evaluated by the Carnegie-Mel Ion grou p ,^  and by th is  
work.
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The other transitions in Table XIX were evaluated using a gain 
curve and re la tin g  to e ith e r the 511 keV lin e  or the L lines. The 
region of the 3p-2s transitions is shown in Figure 17. There is 
very l i t t l e  structure in this region and the 3p-2s lines were easily  
distinguished. The 8d3/2-3pl/2  lin e  is energy degenerate with the 
3pl/2-2s tra n s itio n , but a theoretical cascade program showed its  
in tensity  to be n eg lig ib le . As fu rth er id e n tific a tio n  of the 3p-2s 
lines there is excellent agreement between the 3p energy s p litt in g  
evaluated from this doublet and from the 3p-ls transitions. The 
id en tific a tio n  of the 2s-2p transitions re lie d  more heavily upon 
the energy s p lit t in g  and the re la tiv e  in te n s itie s , since there were 
many peaks in that region. The spectrum is shown in Figure 18 with 
id en tifica tio n  o f the peaks wherever possible.
The re la tiv e  in ten sity  o f each peak is quoted with respect 
to the 3d3/2-2pl/2 tran s itio n . The only exceptions are the 3-1 
energy transitions where the uncertainties o f the areas of the photo­
peaks were too large to use re lia b ly , and the numbers quoted are 
re la tiv e  in tensity  within the double escape m u ltip le t. The energies 
of the 3-1 double escape peaks were measured using the 511 keV difference  
gain curve and the K -line photopeaks. Their re la tive  in tensities  
do not suggest a strong contribution from e le c tr ic  quadrupole tran s i­
tions fo r this low Z, but this is not e n tire ly  clear since there 
were in su ffic ie n t data to f i t  the energy-separated 3d3/2-ls peak 
at 5205 keV. The 4-2 transitions do not provide additional information 
since they are degenerate and the experimental re la tiv e  in tensity  
has a large uncertainty.
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The 10 transitions id en tifie d  in Table X V III were f i t te d  to
several forms of charge d is trib u tio n . The most successful f i t s  were
obtained using a Fermi d is trib u tio n , with m=l, and a Family I I
51d is tr ib u tio n . Following Heisenberg e t a l . , a sinusoidal variation  
was added to the Fermi d is trib u tio n , but using the amplitude they 
suggest, the energy levels were essentia lly  independent o f this form
of perturbation. The.results obtained for the charge parameters
o
are summarized in Table XX. With the x per degree o f freedom as a
measure o f the goodness o f f i t ,  the best agreement between theory and
experiment was obtained by including nuclear po larization e ffe c ts ,
and by allowing the Is polarization to vary. Consistently the value
obtained fo r  the nuclear polarization increases the binding energy
of the Is s tate  by 6 keV, with an associated erro r o f 1 .3  keV.
This is only in moderate agreement with the prediction o f 3.4±0.4  
109keV of Chen. I t  is in teresting that the same po lariza tion  resu lt
was obtained whether or not a central depression was included, although
a r e a l is t ic  value of the central depression could not be derived
from the muonic x-ray energies. The standard central depression used
138in these calculations fo r Ba was w=0.375, as derived by Heisenberg 
78et a l. from electron scattering using an m=2 Fermi d is tr ib u tio n .
138Table XXI gives a comparison of the Ba charge parameters 
obtained from electron scattering , from Thompson's work at Carnegie- 
Mellon, and from this work. There is good agreement among the resu lts , 
and i t  appears that including a central depression in the muonic x-ray 
analysis improves the agreement between electron scattering and muonic 
x-ray work, without a ffecting  the conclusion drawn on muonic nuclear 
po lariza tio n .
D. The Nucleus ^°Ce  
The ten transition energies used to derive nuclear parameters 
are given in Table XXII. The re la tiv e  in ten s ities  are measured with 
respect to the 3d3/2-2pl/2 l in e , which was set to the theoretical 
value of 25%. Other transitions observed and id e n tifie d  are shown 
in Table X X III.
The K line  (2p -ls ) energies were measured with respect to the
24Na 2.7 MeV lin e , which was accumulated in accidental coincidence 
with muon stops, and with respect to Co and Ga lines which were 
accumulated with no gating requirement. The energies of the 3-1 
double escape peaks were determined using the 2-1 photopeak energies 
and the gain from the 511 keV differences. These in turn were used 
to determine the 4-1 energies. The L lines were evaluated using a
<pn /:n
"feedthrough" run with Na and Co ca lib ra tion  sources. These
sources have well determined y rays bracketing the lower L lines
and within 50 keV of the upper lin e . The spectrum was s im ilar to that
142shown in Figure 12, the corresponding spectrum for Ce. The other 
five  principal transition  energies were evaluated using a gain curve 
determined by calib ration  sources, and re la tin g  them to e ith e r the 
511 keV positron annihilation lin e  or to an L lin e . There was good 
agreement between the energies obtained in this experiment and those 
obtained at Camegie-Mellon. 77
The re la tive  in ten sities  of the 4-1 transitions are quoted within  
the m u ltip le t since only the double escape peaks had reasonable 
s ta tis tic s . The 3-1 re la tiv e  in te n s itie s  were measured with respect 
to the 3d3/2-2pl/2 lin e , but no value is  quoted for the 3d3/2-ls
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e le c tr ic  quadrupole tran s itio n  since the photopeak had in s u ffic ie n t  
data. E lec tric  quadrupole transitions appear important fo r th is high 
a Z, since i t  is only by including them that good agreement is achieved 
between theoretical and experimental re la tiv e  in ten s ities .
The id e n tific a tio n  o f the 3p-2s doublet was re la tiv e ly  easy, 
since there was no structure in the delayed spectrum, there was good 
agreement with in i t ia l  energy predictions, and the 3p s p litt in g  could 
be compared to that obtained from the 3p-ls doublet.
The region of the 2s-2p transitions in ^ C e  is shown in Fig. 19.
The 2s-2p id e n tific a tio n  was complicated since the upper lin e  was
almost coincident with a peak at 447 keV, which appeared in both
prompt and delayed spectra. This lin e  was id e n tifie d  as a combination
of the 8-4 muonic x-ray lines in ^ C e  and a y capture y ray in 
137La (446+0). A th ird  peak in that v ic in ity  at 438 keV is most lik e ly
137another delayed y ray in La (446+10). The detector resolution  
permitted p a rtia l separation of the upper two lines and a successful 
f i t  was made to three Gaussians.
The charge parameters were derived fo r a 3-parameter Fermi
21d is trib u tio n . In an e a r l ie r  analysis a f i t  was made with a variable  
central depression, w. Poor s e n s itiv ity  to a central depression 
was indicated by the results obtained, w=9±7. The f i t s  were made 
with w=o and the results are shown in Table XXIV. The best f i t  was 
obtained by allowing nuclear polarization to vary, although a s a tis ­
factory f i t  was obtained with zero nuclear po larization . The value 
predicted fo r nuclear po larization is 5.8±1.2 keV which is somewhat
higher than the theoretical value o f 3.6±0.4 k e V .^  This f i t ,  
however, was much better than one in which the nuclear polarization  
was held at its  theoretical value.
There is good agreement with the parameters derived by Thompson,^ 
who used the theoretical value fo r nuclear po lariza tion . Our parameter 
uncertainties are smaller because of the additional transitions used 
to derive the parameters.
E. The Nucleus 142Ce
140 142Since there was a 7% contamination o f Ce in the Ce target, 
most peaks in the spectra had two unresolved components, one from 
^ C e  and one from ^ 2Ce. Energy corrections were applied fo r this  
using equation 17 and the isotope sh ifts  in Table V I I I .  This amounted 
to 0.2 keV fo r the 2s level and were neglig ib le (<0.05 keV) for higher 
leve ls . No correction was needed fo r the K lines since the two compon­
ents were c learly  resolved as shown in Fig. 20. The transitions  
detected and id en tified  are lis te d  in Tables XXV and XXVI . Table XXV 
contains the energies used in determining nuclear parameters, and, 
in addition to the usual tran s itio n s , i t  includes the 2p doublet 
s p litt in g  as determined from the K lines. This was included because 
of the re la tiv e ly  large errors on the K lines. Except for the 3-1 
tran s itio n s , the re la tive  in ten sities  have a ll  been measured with 
respect to the 3d3/2-2pl/2 line in ten s ity . The 3-1 in ten s ities  were 
measured within the m ultip le t and were derived from the double escape 
peaks.
Because of the isotope s p litt in g  shown in Figure 20 the 2p-ls
140energies have been determined from the corresponding lines in Ce.
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The gain was evaluated from the 511 keV energy differences. In making 
these energy measurements, accurate values were obtained fo r the 
2p s p lit t in g , and fo r 140-142 isotope s h if t  ( I .S . )  of the two K 
lines. The la t te r  values are
1.5 . (2 p 3 /2 -Is ) = 15.36±0.40 keV
1.5. (2 p l/2 - ls )  = 14.90±0.40 keV
140where the higher energies belong to Ce. For these, and the 
absolute K -line energies, there is moderately good agreement with the 
work of Thompson.^
To evaluate the L lines a feedthrough run was taken using 
fin ??Co and Na ca lib ration  sources. The region of in terest is shown 
in Figure 12. The accuracy o f the calib ration  lines and th e ir  proximity 
to the lines o f in te re s t enabled very accurate energy determinations 
to be made. The other fiv e  principal transitions were evaluated by 
re la ting  them to e ith e r the 511 keV line  or an L lin e .
The id e n tific a tio n  of both 2s-2p and 3p-2s doublets was compli­
cated by the presence of other peaks in the region of in teres t.
The spectrum near the 2s-2p doublet is shown in Figure 21. The lower 
lin e , 2s-2p3/2, has a small background peak appearing in the spectrum 
at the same energy. To account fo r th is , i t  was assumed that the 
prompt-to-delayed area ra tio  was the same fo r the delayed peak under 
the 2s-2p3/2, as fo r the adjacent y ray at 389 keV. This fraction  
of the delayed peak at 380 keV was then subtracted from the prompt 
peak and the in ten s ity  erro r increased proportionately. The upper 
lin e , 2 s -2p l/2 , was overlapped by the muonic 8-4 tran s itio n s , as well 
as being on the lower edge of the very intense 4f7/2-3d5/2 lin e .
In the figure the 4-3 transitions are omitted since they fa r  exceed 
the scale used. Fits were taken of two Gaussians on an exponential 
background, as well as three and four Gaussians, the la t te r  including 
both 4-3 tran s ition s. The peak center remained consistent within the 
f i t te d  erro rs , and the mean center was used with a s lig h tly  enlarged 
erro r.
The 3p-2s region is shown in Figure 22. The 3p-2s peaks were 
p o sitive ly  id e n tifie d  from approximate energy, energy s p lit t in g , and 
re la tiv e  in te n s ity . The peak d ire c tly  above the doublet, corresponds 
in energy to the lower energy members o f the 9-3 tran s itio n s . Its  
in ten sity  is substantia lly  larger than anticipated from a simple 
cascade program, and i t  is also surprising that no other peaks appear 
below and between the 3p-2s lin e s , which would correspond to 8-3 
tran s itio n s . Note that the 7-3 transitions appear c learly  in the 
lower part o f the spectrum.
The energy values of the 3-1 transitions were determined from 
the 2p-ls photopeak energies using a 511 keV energy differences.
Within the m u ltip le t, re la tiv e  in ten s ities  were calculated from the 
area ra tio s , assuming the detector e ffic ien cy  to be constant over 
that small range.
The energies were f i t te d  to Fermi d istributions and the results
are summarized in Table XXVII. The most satis factory  f i t  was obtained
using a variable nuclear polarization which gave a value of 6.3±1.4
keV. This is higher than the theoretical nuclear po larization of 
1093.6 keV, although a 25% decrease in the po larization  e ffec t on the 
2s level produces mjjch.better agreement between the two polarization
values. Fits were also attempted using a variable central depression. 
These gave a central depression which was indistinguishable from zero. 
There were no other accurate nuclear parameter determinations fo r a 
comparison, but these follow the anticipated trend of a s lig h tly  
larger radius than ^°C e.
F. The Nucleus 206Pb
The principal transitions and energy differences which have
been accurately determined in Pb are shown in Tables XXVIII and
XXIX. Table XXVIII shows those which were used to derive nuclear
parameters. Table XXIX contains the other principal transitions and
energy differences which were measured and id e n tifie d . Two energy
differences were used to help derive the nuclear parameters since
the K lines had re la tiv e ly  large errors and since no other transitions
which involved the 3p states were p o sitive ly  id e n tifie d . The 3p-Is
transitions were excluded because of th e ir  large energy uncertainty.
The re la tiv e  in ten s ities  were normalized to the 4 f5 /2 -3d3/2 lin e  at
971 keV and this was assigned the theoretical value o f 29%.
Because of the isotopic contamination o f the target (see Table VI)
i t  was necessary to apply energy corrections to the deduced energies
following Equation 17. The isotope sh ifts  are given in Table V I I I ,
and were e ith e r deduced from theoretica l predictions or taken from
75the work of Anderson e t a l . Since the work of Anderson e t a l .
on c
on Pb was s im ila r to th is  work a comparison is made with his 
experimental results whenever possible.
66To evaluate the K lines an ungated run was made with a Ga 
142source present. The Ce target was also placed in the muon beam 
so that in addition to the 66Ga lines at 4 .80 , 4.46 and 4.29 MeV, 
there was a well known muonic x ray lin e  at 4.15 MeV. Unfortunately,
c c  i An
the upper two Ga lines were poorly determined so that the Ce 
lines were used as the energy standard to evaluate the energies o f 
the K double escape peaks. The 3-1 energies were then deduced from 
the 2-1 energies using a gain curve determined by the 511 keV energy 
differences. The determination of detector e ffic ien c y  a t th is  high 
an energy is a major problem, but since this was a secondary considera­
tion o f the experiment the re la tive  e ffic iency  of the detector was
56determined up to 3.4 MeV using a Co source and then extrapolated  
lin e a rly  on a log-log p lo t. From experimental and theoretica l com­
parisons at higher energies, i t  appears that the detector e ffic iency  
decreased fas ter than the extrapolated predictions. Because of this  
uncertainty in detector e ffic ien cy , the re la tiv e  in ten s ities  of the 
3-1 energy transitions at 8.4 MeV are only quoted re la tiv e  to each 
other.
56A Co ca lib ratio n  source was run under accidental gating condi­
tions to determine energies of the L and M lin e s . In addition to 
bracketing both o f these lines i t  was used to determine the gain 
and the re la tiv e  e ffic ien cy . Using this gain the 2s-2p lines were 
evaluated using both the M lines and the double escape o f the L lines  
as energy standards, while the 4-2 lines were related to the L lin e  
photopeaks.
The analysis of the transitions involving the 2s states is 
complicated by the presence of structure in both the prompt and 
delayed spectra. Figure 23 shows the prompt and delayed spe_ctra in 
the region of 2s-2p3/2 with the Gaussians f i t te d  in both spectra 
superimposed. The three Gaussians f i t te d  in the prompt spectrum 
correspond to transitions with energies o f 1029, 1038 and 1043 keV 
respectively. Peaks were f it te d  in the delayed spectrum with energies 
o f 1038 and 1043 keV. The prompt to delayed ratios of the 1038 and 
1043 peaks were consistent with th e ir  id e n tific a tio n  as delayed 
y rays. These y rays were ten ta tive ly  id e n tifie d  as transitions in 
the Ge detector (^ G e , 1040*0) and in 205Pb (1044+0). The remaining 
peak at 1029.0±0.45 keV was then id e n tifie d  as being the 2s-2p3/2
tran s itio n . Although its  in ten sity  is less than anticipated, i t  is
‘ 2 0 R -  22consistent with s im ilar results obtained in Pb.
The 2s-2pl/2 region is shown in Figure 24. The in i t ia l  analysis 
of the prompt and delayed spectra were in terms of three Gaussians 
and the resultant areas suggested that there was some prompt contri­
bution to the central peak. However the width o f the prompt peaks 
was anomalously large and the f i t  was re la tiv e ly  poor, so that the 
prompt spectrum was reanalyzed in terms of four Gaussians, the central 
peak being assumed a doublet. This resulted in an improved f i t ,  a 
width consistent with other adjacent peaks, and better agreement with 
the peaks f it te d  in the delayed spectrum. The peaks common to the 
prompt and delayed spectra have been id e n tif ie d  as being at 1208 
keV, 1219 keV and 1234 keV, whereas the remaining prompt lin e  is at 
1214.8±0.5 keV and is id e n tifie d  as the 2s-2p l/2  tran s ition . Its
70
in tensity  is in poor agreement with theory but again is consistent
208 22with results obtained in Pb. A further fact supporting both
2s-2p id en tific a tio n s  is the 2s-2p doublet s p lit t in g , which is in
excellent agreement with that determined from the K lin es . In the
previous three Gaussian f i t  th is energy s p litt in g  was inconsistent,
75but the absolute 2s-2p l/2  energy agreed with Anderson et a l . ,
who also obtained a value of 1217.8 keV, but were unable to detect the
lower 2s-2p3/2 tran s itio n .
The region which should contain the 3p-2s peaks is shown in
Figure 25. Theoretically  they should bracket the 3d5/2-2p3/2 double
escape peak at 1479 keV, the lower lin e  appearing near channel 1278.
No suggestion o f a peak could be found in this area. A peak was
found corresponding to the 3p3/2-2s tran s itio n , but i t  was wider than
expected, and a small peak was found in the delayed spectrum, which
could be contributing to this anomalous width. I t  was possible to
f i t  the prompt peak with two gaussians, but neither corresponded well
with thet peak in the delayed spectrum. Because o f the large uncertainty
in the energy o f the 3p3/2-2s peak, and because its  re la tiv e  in ten sity
was substantia lly  below the theoretical predictions, or the results 
208obtained in Pb, i t  was omitted from the nuclear parameter analysis.
To compensate p a r t ia lly  fo r the lack of these two tran s itio n s , 
which involved the important 2s and 3p states , an energy difference  
involving the 3p3/2 s tate  was included in the nuclear parameter analysis. 
This was evaluated from the 3-1 transitions using the 511 keV energy
on r
differences. In Pb the 3d-ls e le c tr ic  quadrupole transitions are 
c learly  separated from the 3p-ls e le c tr ic  dipole transitions as shown
in Figure 26. The 3d-ls transitions have a comparable in ten sity  to 
the 3p-ls tran s itio n  because of the greater population of the in i t ia l  
state and because the probab ility  of E-2 transitions varies as the 
f i f t h  power o f the energy. The energy dependence is c learly  evident 
in a comparison to the 4-2 tran s itio n s , where the 4f-2p quadrupole 
tran s itio n  in ten s ities  are less than h a lf that of the 4d-2p dipole 
in te n s itie s . There is good agreement between theoretical and experi­
mental energy differences, adding credence to the calculations by 
Skardhamer, which indicate a substantial nuclear po larization  
e ffec t in the 3p states. Had this not been included, the 3p3/2- 
3d5/2 energy difference would have been two standard deviations 
away from the theoretical predictions. A ll the high-energy re la tiv e  
in ten s ities  are lower than predicted but this can probably be a t t r i ­
buted to detector e ffic iency uncertainties. A comparison of quadru­
pole to dipole re la tiv e  in ten sities  within a m u ltip le t, which should 
be approximately independent of detector e ffic ie n c y , shows them to 
be in good agreement with theoretical predictions.
The results o f nuclear parameter f i ts  are shown in Table XXX.
I t  was found that no useful information could be derived by allowing
the central depression to vary, so f i ts  were done with e ith e r  w=0,
51or with w=0.14, the value in ferred from electron scattering .
O
The x per degree o f freedom fo r the f i t s  with nuclear p o la riza tio n , 
and with or without a central depression are extremely low. Since a 
value o f 1 is accepted as a good f i t  i t  seems that several o f the 
assigned energy errors are overly conservative. However, there is  
evidence that the inclusion of nuclear po larization produces fa r
b ette r agreement between theory and experiment than when i t  is omitted. 
When treated as a variable parameter i t  converges to a value of 
5.8±2.0 keV. Essentially the same value is obtained when a central 
depression is included, and both are in excellent agreement with the
/•r C C
predictions of Chen and Skardhamer. A fu rther f i t  was obtained
by allowing the nuclear polarization e ffe c t on the 2s level to be
treated as a variable. This again produced an extremely good f i t ,
but the large errors are to be expected since only two transitions
involving the 2s state were included. When compared to the nuclear
75parameters of Anderson e t a l . there is poor agreement, which may be 
attribu ted  to the fact that the f i t t in g  conditions are not the same. 
Anderson e t a l . did not use a variable nuclear p o la riza tio n , nor did 
they apply nuclear polarization corrections to the higher levels.
A f i t  with m=2 again produced nuclear po larization values 
d iffe re n t from zero, but the large associated errors show that four 
parameters cannot be accurately determined from this data.
G. Summary o f Results 
So fa r  each target has been treated as i f  i t  were an independent 
experiment. The purpose o f the set o f experiments was to investigate  
the general behavior o f nuclear po larization  in comparison with theore­
t ic a l predictions, and this w ill be considered. The value determined 
120fo r  Sn is included in the comparison since i t  gave a satisfactory  
f i t  to the data, and i f  nuclear po larization is believed to ex ist 
fo r high Z nuclei, then i t  must surely ex is t fo r lower Z, even i f  its  
e ffe c t is less pronounced. The results obtained with 20%>b ( r e f .22) 
w ill  also be considered, since they made up part o f th is  set o f experi-
merits and were analyzed in a s im ila r fashion. Theoretical predictions
are quoted as a function of Z. D irect comparisons of the theoretical
and experimental resu lts , are made in Table XXXI and Fig. 27. The
experimental values obtained were independent o f the form of the
charge d istrib u tio n  used, or whether or not a central depression
was included. This la s t statement should be qu alified  in that only
three forms of d istrib utio n  were used (Family I I ,  Fermi with and
without a central depression) and that two of these were rather
138s im ilar. The three forms o f d istrib u tio n  used fo r Ba are shown
in Figure 28. I t  can be seen from Fig. 27 that the experimental values
follow the trend of the theoretical predictions, but tend to be some- 
208what larger. In Pb i t  was found that the value of the 2s nuclear
polarization strongly effected the Is nuclear polarization and i t  was
20fihence also allowed to vary. When this was done for Pb large 
errors were obtained fo r a ll  the parameters. This was probably caused 
by having in s u ffic ie n t charge sensitive transitions with small errors.
o n e
To explain the absence of the 3pl/2-2s transition  in Pb i t  
is necessary to know what number o f counts would be anticipated.
By comparison with the ra tio  of transitions from the 3p states to 
the Is s ta te , the 3pl/2-2s tran s ition  would have a maximum amplitude 
of 70 counts on a background of 1700, and should be detectable.
These numbers assume a 30% y-ray contamination o f the prompt 3p3/2-2s 
peak. Because of the d if f ic u lty  of estimating detector efficiences  
at 8.5 MeV the re la tiv e  in ten s ities  o f the 3-1 transitions are measured 
within the m u ltip le t, and no comparison can be made with the re la tiv e  
in ten s itie s . Thus i t  appears that the 3p states are being preferen­
t i a l l y  depopulated. A possible explanation o f this may be the proposal 
by Scrinavasan and Sundaresin,110 that a muonic np state (n>3) may 
deexcite 60% o f the time by the emission of a prompt neutron leaving 
the muon in the Is state and hence reducing the number o f rad iative  
transitions from the np states.
A point which deserves some discussion is the variation  of 
nuclear po larization among isotopes. Chen has recently done some 
prelim inary calculations on the values o f nuclear po larization for  
the even-even isotopes o f Nd. ( re f .  I l l ) ,  and these were applied 
in calculating the isotppe s h if t . He finds no large variation between 
neighboring even-even isotopes and this is consistent with the results 
of th is  work although any small variation would be masked by the 
experimental uncertainties.
V. CONCLUSIONS
Because of the good agreement between theoretical and experiment 
values fo r the lead isotopes, when nuclear po larization is included, 
i t  appears that nuclear po larization is a re la tiv e ly  important correc­
tion to the nuclear parameters o f high Z nuclei. I t  also appears to 
give b e tte r f i ts  in the region of Z=58, although the improvement of 
f i t  is not so dramatic.
A measurement o f a single isotope or the constraint of a charge 
parameter f i t  to theoretical nuclear po larization  values may give 
f i ts  which do not unambiguously give evidence fo r nuclear po larization. 
However, in the range of isotopes measured here, the f i t  to charge 
parameters consistently seemed to require a nuclear polarization  
to agree with the data in higher Z elements. Assuming that i t  is 
necessary fo r the higher Z elements, then i t  should also be applicable 
to the lower Z elements, and i f  a consistent set of nuclear para­
meters are to be deduced then nuclear po lariza tion  effects  should be 
included. The results of th is work do not give d e fin it iv e  values 
fo r nuclear polarization effects in a ll ta rg ets , but they do indicate
that the calculations of Chen and Skardhamar are more consistent
64with experimental resu lts , than the predictions o f Cole. In order 
to reduce the error assigned to the po larization  of the Is le v e l, 
i t  w i l l  be necessary to improve the theoretical uncertainty in the
75
Lamb s h if t ,  at present estimated at 30%. By measuring energies o f the 
higher transitions to b e tte r than lOOeV i t  should be possible to 
evaluate the contribution from high order vacuum p o lariza tio n , and 
to compare this with the theoretical predictions, which have been 
used in th is  work.
In addition to fu rth e r calculations o f the Lamb s h if t ,  more 
theoretical work on the nuclear po larization of the 3p and 3s states 
would be most useful, since with the advent of h igh-effic iency detec­
tors and contemporary data co llecting  f a c i l i t ie s ,  these levels w ill  
undoubtedly be important in  future muonic x-ray experiments. This is 
especially true for the 3s le v e l, since its  wavefunction overlap 
with the nucleus makes i t  the next most sensitive level beyond the 
2s. This may be used to provide independent information on a central 
depression, to allow a comparison with electron scattering results.
The central depression evaluated from electron scattering work seems 
to agree well with muonic x-ray analysis, and to bring the* two sets 
of nuclear parameters into b e tte r agreement without a ffecting  the 
values deduced fo r  nuclear po larization . This suggests that the 
most accurate description o f a nucleus can be obtained from the 
combination of electron scattering results and muonic x-ray work.
Future experiments should attempt to decrease the uncertainties  
on the energies, since i t  is  c lear that only th is reduction w ill  
permit one to obtain more d e fin itiv e  information about the nuclear 
charge d istrib u tio n . Transitions of particu lar in te res t in future  
experiments are the 3p-ls tran s itio n s , which would provide another
measurement d ire c tly  dependent upon the Is nuclear p o lariza tio n . 
For these transitions i t  w ill be necessary to take the e le c tr ic  
quadrupole transitions into account since two o f the transitions  
are almost energy degenerate and have comparable in te n s itie s .
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V I I I .  TABLES
Table Captions
I .  Binding energies in keV o f muonic states with n<3. The values
for a f in i t e  nucleus and a point nucleus are obtained by solving 
the Dirac equation. The f in i t e  size e ffec t  is the difference 
between these values.
138I I .  The e ffec t of f in i t e  size on the transition energies in Ba 
and the values o f the deriv it ives with respect to the nuclear 
parameters. The f in i t e  size e ffec t  is the difference between 
the f in i te  nucleus energy and the point nucleus energy, and a ll  
energies are measured in keV.
I I I .  The e ffect of a f in i te  size nucleus on transition energies
and energy difference in Pb, and the values of the deriv it ives  
with respect to the nuclear parameters. The f in i te  size e f fec t  
is the difference between the f in i t e  nucleus energy and the 
point nucleus energy. All energies are in keV.
IV. Relative in tensities  and level populations for a l l  states with
n<4 in ^°C e. Numbers represent the percentage of a ll  captured 
muons making the given tran s it io n , accounting for e le c tr ic  
dipole, e le c t r ic  quadrupole and Auger emission. An omitted 





V. Variation of the fu l l  width at h a lf  maximum of peaks in Pb 
as a function of energy. Uncertainties are shown in parentheses.
VI. Chemical composition and physical properties of the targets.
V I I .  Principal lines of the calibration sources used to determine
energies, re la tive  efficiences and l in e a r i ty .
V I I I .  Isotope shifts  used for the ^ 2Ce and 206Pb targets. The
energies are in keV and the 3d levels are assumed to have zero 
isotope s h if t .
IX. Transition energies and energy differences used to derive
nuclear charge parameters for each target.
X. High order vacuum polarization corrections. They are derived
from re f. 71, increase the binding energy o f the levels , and 
are quoted in keV.
XI. Theoretical nuclear polarization values in keV. With the
20fiexception of the 3d level in Pb these increase the binding
energy of the levels.
X I I .  F irs t order vacuum polarization corrections in keV.
X I I I .  Lamb s h if t  effects for various targets. Energies are in keV
and decrease the binding energy o f the states.
XIV. Energy corrections for the anomalous magnetic moment. The
energies are in keV, and a negative sign decreases the binding 
energy of the state.
XV. Energies and re la tive  intensities of the transitions used to
120derive nuclear parameters in Sn. A comparison is made with
the theoretical predictions and other experimental results. 









120Additional muonic x-rays measured and id en tif ied  in Sn.
The average energy is obtained by weighing the theoretical 
energies with the theoretical re la t ive  in tens it ies . Energies 
are quoted in keV, and the re la tive  in tensities are measured 
with respect to the 3d3/2-2pl/2 line  (see Table XV.). Errors 
are given in parentheses.
120Nuclear charge parameters fo r  Sn. No paralle l work had 
been done with electron scattering so the central depression 
was constrained to be zero, c and t  are in Fermis while nuclear 
polarization is in keV. The associated errors are given in 
parentheses.
Muonic x-ray transitions used to determine nuclear parameters 
138in Ba. Energies fo r each transition are measured in keV, 
and the 3d3/2-2pl/2 line  is used as the re la tive  intensity  
standard. Errors are given in parentheses.
13o
Other muonic x-rays measured and id en tif ie d  in Ba. The 
average energy is obtained by weighting the theoretical energies 
with the theoretical re la t iv e  in ten s it ies . Energies are quoted 
in keV and the re la tive  in tensities  are measured with respect 
to the 3d3/2-2pl/2 line  (see Table X V I I I ) .  Errors are given in 
parentheses.
138Nuclear charge parameters fo r  Ba. The units for c and t
are Fermis while nuclear polarization is in keV.
138Comparison of nuclear parameters obtained for Ba by muonic 
x-rays and electron scattering. The units of c and t  are Fermis, 
while nuclear polarization is in keV. The errors are shown in 
parentheses.
XXII. Muonic x-ray transitions used to determine nuclear para- 
140meters fo r  Ce. Energies fo r each transition are in keV, 
and the 3d3/2-2pl/2 transition is used as the re la tive  
in tensity  standard.
X X II I .  Other muonic x-ray transitions observed in ^ °C e . All
energies are in keV. The re la tive  in tensities are measured 
with respect to the 3d3/2-2pl/2 transition (see Table XX II) .
XXIV. Nuclear charge parameters derived for ^°C e. The units
of c and t  are Fermis while nuclear polarization is in keV.
XXV. Energies and re la tive  in tensities of the transitions used to
142derive charge parameters for Ce. Errors are shown in 
parentheses. All energies are in keV.
XXVI. Other muonic x-ray transitions observed and id en tif ied  in 
142Ce. The average theoretical energy is the average of 
the theoretical energies weighted by the theoretical re la tive  
in ten s it ies . The re la tive  in tensities are quoted with respect 
to the 3d3/2-2pl/2 transition (see Table XXV), except for  
the 3-1 transitions, which are quoted within the m ultip le t.  
Energies are in keV.
142XXVII. Nuclear charge parameters derived for Ce. Units of c 
and t  are Fermis while nuclear polarization is in keV.
t
XXVIII. Energies and re la tive  intensities of the transitions used 
to derive nuclear charge parameters fo r Pb. Two energy 
differences between adjacent peaks have also been included. 
Energies are quoted in keV with errors shown in parentheses.
93
The 4f5/2-3d3/2 transition (see Table XXIX) is used as a 
re la tive  intensity standard.
o n e
XXIX. Other transitions detected in Pb. The energies are 
given in keV and the errors are in parentheses. The 3-1 
re la tive  in tensities are measured within the m ultip let with 
the 3p3/2-ls re la tive  in tensity  set equal to 1.
o n e
XXX. Nuclear charge parameters derived for Pb. Both nuclear 
polarization values are given in keV, and both c and t  
are in Fermi s.
XXXI. Comparison of theoretical and experimental nuclear polarization
208values. With the exception o f Pb the experimental values
were derived from f i ts  to the experimental energies using
208three variable parameters. For Pb the 2s nuclear po lari­
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Table IV. Relative in tensities  and level populations for a l l  states 
with n<4 in Numbers represent the percentages of
a l l  captured muons making the given trans ition , accounting 





POPULATION 3s1/2 3p3/2 3pl/2 3d5/2 3d3/2 2sl/2 2p3/2 2pl/2 ls l /2
n>4 0.21 1.55 0.76 9.33 6.28 0.21 3.70 1.88 1.99
4f7/2 35.91 0.05 35.33 0.54
4f5/2 27.01 0.03 1.69 24.88 0.09 0.32
4d5/2 5.64 1.4 4.0 0.18
4d3/2 3.8 0.16 0.78 0.4 2.3 0.1
4p3/2 0.7 0.07 0.14 0.5
4pl/2 0.37 0.04 0.08 0.24
4s 1/2 0.16 0.09 0.07
3s 1/2 0.37 0.2 0.15 0.02
3d5/2 46.4 0.04 45.0 1.3
3d3/2 31.2 0.02 4.7 25.6 0.8
3p3/2 3.5 0.8 2.6
3pl/2 1.6 0.45 1.15
2s 1/2 2.1 1.2 0.9
2p3/2 59.7 59.7
2pl/2 31.2 31.2
Table V. Variation of the fu l l  width at h a lf  maximum of peaks in
one
Pb as a function of energy.
Full Width at Half
Energy (keV) -Maximum (keV)
438 3.8 (0 .2)
670 3.8 (0 .2)
971 4.5 (0 .2)
1405 5.0 (0.35)
1622 5.5 (0.14)
2644 6.8 (0 .4)
3430 6.5 (0 .4)
4766 8.7 (0 .3)
5788 8.7 (0 .3)
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Table V I I .  A l is t in g  of the calibration sources used with the 
principal lines used in energy determinations, 
references and usage.
Source Reference Energies (keV) Purpose
22Na a 511.006 (0.002) 
1274.53 (0.10)
Gain c a lib ra tio n ,
L and M feedthrough
46Sc b 889.18 (0.10) 
1120.41 (0.10)
Gain calibration  
and L feedthrough
57Co b 121.97 (0.05) 
136.33 (0.04)




a 898.04 (0.04) 
1836.13 (0.04)
Gain calibration and 
detector e ffic iency
,92 l r a 5 lines between 
295 and 612 keV
Gain calibration and 
detector effic iency
OO ro —i 01 b 6 lines between 
222 and 1221 keV
Gain calibration
11 % c 15 lines between 
446 and 1562 keV
Gain calibration and 
detector e ffic iency
54Mn a 834.81 (0.03) Gain ca libration and 
detector effic iency




13 lines between 














+9 other lines 
between 977 and 
3450 keV
411.795 (0.009)
detector e ffic iency
Gain calibration and 
detector e ffic iency
L and M feedthrough 
gain calibration  





Source Reference Energies (keV) Purpose
24Na a 2753.92 (0.12)  
1368.526 (0.044)
K and L feedthroughs 
gain calibration and 
511 keV differences
The' a 238.624 (0.009) 
583.139 (0.023) 
2614.47 (0.10)
K feedthrough, gain 
calibration and 
detector effic iency
60Co a 1173.23 (0.04) 
1332.49 (0.04)
L feedthrough, gain 
calibration and 
detector efficiency
133Ba a 4 lines between 
276 and 384 keV
Gain calibration and 
detector effic iency
66Ga f 4295.61 (0.10)  
4806.58 (0.20) 
+8 other lines 
between 1039 
and 4461 keV









Table V I I I .  Isotope sh ifts  in Ce and Pb. Energies are 
in keV and the 3d levels are assumed to have 
zero isotope s h if t .
Ce Pb
140-142 206-207 206-208
ls l /2 15.4 5.0 11.6
2s 1/2 2.8 1.3 2.9
2pl/2 0.4 1.5 2.3
2p3/2 0.2 0.6 1.4
aRef. 75
Table  IX . T ra n s i t io n  en erg ie s  and energy d if fe re n c e s  used to
d e riv e  n u c le a r  charge param eters .
120Sn 138Ba 140Ce 142Ce 206
2p3/2-1sl/2 X X X X X
2 p l /2 - ls l /2 X X X X X
4d3/2-2pl/2 X X X X X
3d3/2-2pl/2 X X X X X
3d5/2-2p3/2 X X X X X
3d3/2-2p3/2 X X X X X
3p3/2-2sl/2 X X X X
3pl/2 -2s l/2 X X X X
2 s l/2 -2 p l/2 X X X X X




a Measured as a difference between two peaks.




ls l /2 0.65 0.82 0.86 1.75
2s l/2 0.11 0.15 0.17 0.44
2pl/2 0.15 0.21 0.24 0.71
2p3/2 0.15 0.19 0.22 0.64
3pl/2 0.03 0.04 0.06 0.22
3p3/2 0.03 0.05 0.05 0.21
3d3/2 0.03 0.04 0.05 0.19
3d5/2 0.03 0.04 0.05 0.18
4d3/2 0 0 0 0.05
4d5/2 0 0 0 0.05
4f5/2 0 0 0 0.05
4f7/2 0 0 0 0.05
Table  X I .  T h e o re t ic a l  n u c le a r  p o la r i z a t io n  e f f e c t s  in  keV.
142
Level 120Sna 138[3aa 14°Cea 2°6pba 206pbb
ls l /2 2.7 3.4 3.6 6 .0 -0 .6 6 .8 -2 .0
2s 1/2 0.67 0.7 0.8 1.2-0 .2 1 .6-0 .7
2pl/2 0.33 0.5 0.6 1.9-0 .2 1 .9-0 .3
2p3/2 0.33 0.5 0.6 1.9-0 .2 1 .8-0 .3
3pl/2 - - - - 0 .7 -0 .2
3p3/2 - - - - 0.7^0.2
3d3/2 - - - - -0 .03-0.02
3d5/2 - - - _ 0
a Ref. 65 
b Ref. 66
Table X I I .  Vacuum p o la r iz a t io n  e f f e c t  in keV.
Level 120Sn 138Ba
ls l /2 35.75 41.80
























Table X I I I .  Lamb s h if t  energy corrections in keV.
Level 120Sn 138Ba ,40Ce 142Ce 206Pb
ls l /2 -1 .58 -1.78 -1.85 -1.83 -2.31
2s 1/2 -0.36 -0.42 -0.44 -0.44 -0.63
2pl/2 -OilO -0.16 -0.18 -0.18 -0.59
2p3/2 -0.06 -0.11 -0.12 -0.13 -0.45
3pl/2 -0 .04 -0.06 -0.08 -0.07 -0 .24
3p3/2 -0 .03 -0.05 -0.05 -0.05 -0.20
3d3/2 0 0 0 0 -0.02
3d5/2 0 0 0 0 -0.01
Table  X IV . Anomalous magnetic moment c o rre c t io n  in  keV.
Level 120Sn
ls l /2 -0.22
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IX .  FIGURES
Figure Captions
1. Wave function probability  densities fo r the lower muonic energy
138levels in Ba. The units are a rb itra ry  and the charge d is t r i ­
bution is superimposed to show its  overlap.
o
2. The lin e a r p robab ility  density ( r  x wave function probability
1 38density) fo r various levels in Ba. The units are a rb itra ry ,
and the charge d istrib u tio n  is superimposed.
1383. Prompt and delayed spectra fo r Ba with most prominent peaks 
id e n tifie d . Both scales are logarithm ic.
4. Range curve obtained fo r ^ C e  target.
5. Target geometry, counter and detector positions fo r the experiment.
1-5 are the s c in t il la t io n  counters used.
2086. Timing spectrum of muonic Pb events. For other targets the 
delayed region was as much as 500 nsec and the prompt region as 
much as 100 nsec.
7. Block diagram of the y-stop coincidence c irc u itry . GG=gate genera­
to r; DISC=discriminator; C0INC=coincidence u n it; ADC=analogue to 
digital! converter; PHA=pulse height analyzer; TAC=time to amplitude 
converter.
8. Block diagram of the beam telescope c irc u itry . DISC=discriminator;




9. Block diagram o f the data flow showing a lte rnative  connections
fo r the ADC s when used with and without an on-line computer.
10. Fluctuation o f two calib ration  peaks during the experiment. The
? ?upper lin e  corresponds to the 1274.55 keV line o f Na while 
the lower is the 511 keV lin e  and was used fo r s ta b iliza tio n . 
Center uncertainties were less than 0.05 channels.
11. Relative e ffic ien cy  curve of the Ge(Li) detector in range 0.1 
to 5 MeV.
12. Evaluation o f ^ 2Ce L lines using 22Na and ^°Co ca lib ra tion  
source in accidental coincidence with muon stops. Gain is  
0.805 keV per channel.
ion
13. Evaluation o f Sn K lines using a ThC* calib ration  source in 
accidental coincidence with muon stops. Gain is 0.683 keV per 
channel.
14. Feynman diagrams representing low order contributions to vacuum
polarization (a) f i r s t  order in e+ - e", (b ) , (c ) ,  (d ) , (e)
second order in e+ -  e", ( f )  f i r s t  order in y+ -  y“ .
12015. Region of 2s-2p transitions in Sn. Gain was 0.683 keV per
channel and both transitions were detected. Five additional
peaks were measured and two were id en tifie d  as the 6-4 muonic
x-ray tran s ition  at 246.2 keV and a nuclear y ray from 117In
at 266.4 keV. The la t te r  is probably a transition  between the
lowest 3/2" and 1/2" states (see re f. 112).
12016. Region of 3p-2s transitions in Sn. No id en tific a tio n  was made
of the peak at 720.7 keV.
96
13817. 3p-2s region in Ba. In addition to the 3p-2s doublet, delayed
y rays were detected a t 848.6 0.'4 and 843.0 -  0.6 keV. These
"I 07 0 7
were assigned to transitions in Cs (849+0) and AI (842+0).
The la t te r  is probably a background contamination, while the former,
in conjunction with the 395 keV lin e  (see Fig. 18), confirms the
level id en tifica tio n  in ^ C s  by H o lm J^
13818. 2s-2p region in Ba. In addition to the 2s-2p doublet, s ix
other lines were measured. Id en tifica tio n s  were assigned to 
lines at 346.9 -  0 .5 , 373.9 -  0 .5 , 394.6 -  0 .8  and 416.9 ^0.8
keV. The in i t ia l  lin e  is probably muonic x-rays from the supporting 
frame or the detector cap, which are in accidental coincidence with 
stopping muons.
19. Spectra in the region of the 2s-2p doublet in ^ C e .  The 2s-
2p l/2  lin e  is contaminated by two y rays at 446.9 ^ 0.4 and
438.0 -  1.0 keV. These have been id e n tifie d  as probable transitions
137in La, 446+0 and 446+10 respectively (see re f. 112). Gain is 
0.805 keV per channel.
20. 2p-ls region for ^ C e  targ et. The peaks from the 7%> ^ C e
contamination are c learly  v is ib le . From these accurate values of
the isotope s h ift  were calculated, as well as using the ^ C e
142peaks as energy standards for the Ce peaks.
14221. Spectrum in the region o f the 2s-2p doublet in Ce. Both 2s-2p 
peaks are contaminated with other lin es . The upper fa lls  on the 
edge of the very intense 4f7 /2-3d5/2  peak as well as overlapping 
a small prompt peak, which is probably the muonic 8-4 tran s itio n .
The lower energy peak has some structure under i t  in the delayed
97
spectrum but by comparing with the adjacent y ray at 389.8 - 0.5
keV (o rig in  unknown), i t  is  clear this e ffe c t is small.
1 A ?22. Spectrum in the region of the 3p-2s doublet in Ce. Also 
f i t te d  were the 7-3 transitions and a peak at 942.0 -  0.7 keV 
which corresponds in energy to the 9-3 transitions but is much 
more intense than theoretical predictions.
23. Spectra in the region of the 2s-2p3/2 trans ition  in 206Pb.
The Gaussians f i t te d  in the prompt and delayed spectra are 
superimposed but with false zero levels. The prompt peaks at
1038.0 -  1.0 and 1043.2 -  0.8 keV also appear in the delayed 
spectrum, and the peak at 1029 keV is id e n tifie d  as 2s-2p3/2.
The y rays were ten ta tiv e ly  id en tified  as coming from ^Ge 
(1040+0) and 205Pb (1044+0).
24. Spectra in the region of the 2s-2pl/2 transition  in Pb.
The Gaussians f i t te d  in the prompt and delayed spectra are 
superimposed but with fa lse zero levels . The unidentified  
peaks which appeared in both prompt and delayed spectra were 
at 1207.6 -  0 .8 , 1219.1 -  0 .5 , 1227.0 -  1.5 and 1234.0 ~ 0.7  
keV. The gain was 1.1 keV per channel.
25. Region of the 3p-2s doublet in 206Pb. The 3pl/2-2s tran s ition  
should appear near channel 1278 but no peak could be found.
The peak a t 1509 keV was wider than predicted, but th is  could 
be explained by the presence of a weak lin e  in the delayed 
spectrum. This peak was ten ta tive ly  id e n tifie d  as the 3p3/2-2s 
tran s itio n .
98
26. Prompt spectrum fo r the 3-1 transitions in ^ P b .  The 3d-ls 
lines are quadrupole tran s itio n s . The delayed spectrum has 
no structure. The gain is 1.1 keV per channel.
27. Variation of nuclear po larization  with Z. Wherever available
error bars have been included. "+" denotes the theoretical
values of Cole, "a" those of Skardhamar and "0" those of Chen.
The experimental values are denoted "X".
13828. Charge distributions derived fo r  Ba using a variable nuclear 
polarization . 1 is a Fermi d is trib u tio n  with c=1.1182 F,
n= l1.62 and w=0, 2 is a Fermi d istrib u tio n  with c = l.067 F, n= 
10.62 and w=0.375 and 3 is the Family I I  d is trib u tio n  with 
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